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1. Marrrx - Derinrrion 4. DeTERMINANT 5. Rank oF A MaTrIx
Aﬂmhiahanchnﬁuinrm‘nﬁufdmmh (i) For 2x2 makrix 'Thgordnrofhhra-.lm—nmw
wua-dmmmand.nmlunm. Fa. s u-r.ﬁ;-.gn.l.l-d.hk-.mukof.‘und.
N b e L B e
Clgp “Oqa ne Oy, (e d by .
A = [ﬂ‘d] E Gay Ogg e Og (i) For 323 mabrix * A & e e
i i & Z i . - If all elements are zere = r(A) = O
H : . H ﬂ.‘i “u 0.13
+ If ab least one non-zero minor of order kb
LR T B A = Gy ags Qys J il e of
Order of A = man | Sa4 Qgz Q33 (k+1) exiata = {A) = k
Al = ey (ags Gy = ooy a4,
2. Tyres oF Matrices % g i 6. Inverse oF A MaTrIx
= oy (B, 84 - agy a4 )
% Resi mabrix ¢ Ordar 4®n A o invertible (non-aingular) if |A| # O,
+ ayy (Bgg 85, = Gy ay) el e e
#* Column mabrizx @ Order mxi [

e - - : If A" exiata = AA™' - AT'A . I
*_Squnr-m}.nx.ﬂr\dlrntn I P : o-FI: 3

. . a b
*WM:m#n II I"’I (l)Fﬂ'i‘.meAq[c d]
1. |A] = |A
# Zerc (Mull) mabriz @ Al elemanks are zers. F [ "\ll | i 4 "
2. |kA| = R |A (n = ordar of A) ] L. .
Diaganat . IAB| = |Al[B] | “‘“‘[‘“ “]'Mkw
* i makrlx 1 a; = O, L@ j 3. AB| = |A||B
! . -1 i () R‘!‘Sln.mlﬁ.xnmln:;
* Scalor malrix : oy = O, iMj, ay=h 4. IAI-m_.;iAJnO
ATt . I:TI adj(A)
* Id.nr\ldﬂcl}mh)mn}.n.n I,,.-[S.j]. 8,_3- 5. Inhrc}\mﬁﬂtwom{or colurmna),
F T
i baij changes the sign of |A]. | where adj{A) = (Cofactor makrix).
{0 i b I b reus for columns) ars agual o o ”E : . 4 :
= i . 5 - proportional = !A| = 0 ,1- (A-L)-‘L % & o i Y,
e e B0 S o If oo Cor columa) e oll s w Al=O] 12 ATy . (A=Y)T
Lower  kri ; u = 0, i i | 4 A
* triangular @y b=} & . i I elase i ) I3 (HB)1 nB’Ai
ko oncther row (or column) does rob 4, (kA)™' - —:' AH (ke » Q)
changs  |A]. 's. |aT*] - ﬁ

3. Marrix OperaTIONS
6. A s inwertible = rlA) = nn = |A| 20
() Addibion : (A + B = [ay + by]
A+B is defined only if both mabrices are 7. SOLVED Exarpies
of same order. taJFmAJAIfo.-A-[z 3]

1 4
(i) Scalar multiplicakion : kA = [kay]

o

IrrorTanT FormuLas - Quick REerFerence

a (AeBYT = AToBT A invertible = |A| 0

|
|
Sel: |'q| e Zud - 321 =« B-3 =« 5 * (AB)-! 1 BzAT | r(AB) s m.in{r{.ﬂ). rfa)}
(i) Matrin mudbipleakion : If A and B""‘P . | For A,
. , - 12 -1 * |aT] - |a] |
tharn. AB definecd and order Mok, iy I A = 1 T
- - 4 ' [3 4] e | A adi(A) = ady(A)A - |A] I
= I
(AB), = kz ay, by Soli Al = =2
a1
4 -2
i e B -
G5 Pronirtiai & _2[ & ] [ Srort TrIcks

= i
} 9
3/ f
7z =7z v For 3x3 determinant - Sarrus rule
v
v

1. A+B = B+ A
2. (A+B)+C = A+ (B+C) o 3 i - Tpe=tie l:lm Py il it

i if . 2 6 Alumys  chack first before finding inverse
3. AB+C) = AB + AC

-1 =2 -3 TP WA
4, (A +B)C = AC + BC S R i & i 3
i - - - - -

5. k(AB) = (kAYB = A(kB) = b v s 10. Cormrmon Gate Mistakes
& ARSIk % Ignoring order condibion in mulbipheation
7,

Cmvp;lh\smmlﬁ.lno
Wrong application. of properties
Nok checking rank before acling ayatema

AO = OA = O

x
=
x
x
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1. Svstem oF Lmnear Eaquariows 2. Consistency oF SysTems 3. Gauss EvLmanarion Merwoop
A aystam of m Lnsar sguobtions i n unknowns Lat rCA) = rank of cosfficient mateic A 1. Writa tha augmanted matrix [A]B]
My, Xge ooos Me o ba weibbar. s rl[AIB]) = rank of ougmented matrix [alB] 2, Usa alamantary row opambiona be conwert tha
Ay Ry b oAgaky 4 . # A%, = by = + - ; 1 matrix ints row echelan ferm (REF)
Gaiy * Aaady e ® Bgaxe = by L | 3. From REF, find rank and naburs of solubion
OAY v clTAIBTY wc | e sl 4 T i, ke B i iyl
G Xy ¥ Gumg Xy * 1 ¥ G Xy W by, Infinibaly many sobubions s
CA) = el[AIB]) = Fr<n | = = e
Matrix forem. @ AX = B |En--wpum> tary Row '
x
- A < ([AIB]Y | Simmisisane febe sapomrany * R =R, (Intachangs btuo rowa)
whare A = [ay]mun X = | %} L e il
H « R = kR, 4 - (%)
i ; Mulbiply row by non-zero
b, + Conniatent = r{A) = ([A|B]) = R =R +kR, (Add k bmes row 4 to row i)
B = | Ba = If fA) = n o+ Unigque selubion
" o If MA) < n = Infinita sslubions Esampls @ Selm 2wt y-= =8
m
< If ~CA) < L[A|B]) = No aclition m=y+2ze3
3x ¢ %y + 2z = 10
4. Gauss-Joroan Mevroo 5. Ranx Conprrions — Summary
1. Write [AIB] ) 2 1 -1 3
7 ] §
T ey — B = A || Berlomenatitton, | Selution | [alB] - {1 s =23
[AIB] to raduced row echelon form (RREF) [ reay=n Matre A ia of full rank | A -
3. The left block becomes I, Cidentiby). from AA) £~ Pladein & ta cmnk chifiskenk 1 -1 2| 3
A i L : I 1 | L =R i
= | €AY = FC[AIB]) = a Unigqua solubion R = = 2 i 1| 8
Exampla Salva #eZy ez = 4 I 1 4 3 4 1 |10
4 3 - PlAY = f([AIB]) = ¢ 2~ Infinitaly mory solations
o By en =
T | i R, - R, - 2R, By = Ri-30 =
—x+ y-= o= -2 LA) < ([A|B]) Mo anlubine.
1 1 2 3
Sel. 1 1]a
o 3 -5 2
AlB 2 3 7 6. GATE Lever ProsLems o e -5 1
1 -z § 2 3
R, = R, - 2R, R, = Ry +R, = () For tha aystam AX =B, A= |3 4 ¢ i eiloeie o [ 3 | ‘A
1 2 T 4 IR A S Tl {o 1 -5 | 2
=] 3 L=} 2 | B = 2 find. the nobure of aolubion .
1
o 1 2 1 4 ot . 28 . -1 - - 1%
Ry = =Ry = {a - 1 :] POV e From 3% row: 29 2 > " 1
5] a ¥ 2 r([A|B]) = 2 = r(A) = fC[A|B]) < n(=3) ot 33 T 3” . % - - _:_5
R, =R, -2R; , R, = R, -3R; = =  Infinitaly many solubions
1 2 From 1% row = -y + 2z =3 .-1‘_5-“}..
o 7 3 (i) Fuod k for which the syatam e
o o -3 -1 *hy vx =1 Lt LR
Ry = =1 R, R, = R, = Ry Ry = Ry-Ry, = 2x ® 3y + 2z - % 134 1 11
3 Unique aolubion = = o =
i & o | = 3x o+ By vk = 5 hos me aeluion, - 75 o 15 a5
3
& 4 o | 2 Sel [4: % 49 7. Srort Tricks
3 Al = 2 3 2 K - 2k = T ¥ Alumga ta mugmanted matrix [AIB] i
o o 1 | % 3 B w ¥ To chadk consiatancy quickly, compors r(A) and ([AIB])
E " i Far sl = bl B ot cllbia EEATBIY V' In Gousa-Jordan mathed, reducs laft black to I ta
Salukian nie = = - read  solution. dirmctly
=k = 122V7 * If o row beomas all seres in [A|B] with laat antry
g R o Mo soludion
1 2 3 4
; - . - (i) Find tha renk A= {v) Sola tha irgy Gouias aliminabion
(i) Tha aystam ax » y » x 1 of R = Ggatam. using
xeage x = 1 il S Zx-yer =1
" yteax = 1 0 1 1 1 et T
hos o wnigue sslubion for Sol 3x+y-2 =0
R, = R, - 2R, R, = R, - R, =
(A) a=0 (B) a=1 (€) a=-1 (D) as1 1 2z 3 4 2 = R o Ra=s Ry=2Ry., Ry
a 0 o o 7 1 2 4 i = 2 -1 1 1 R, -R, =
B = oo o -2 -2 -4 3 1 -1 3 1 -1 -9 t 01 g4
- o 1 1 1 o 1 3 3
o - 1 a 1. Al = (a=-1)" {a+2) r: 4 4 | Rz e iRy = i i 2 4 iy
1 1 a Ry==1Ry . Ry=Ry-Ry ST S L ¢ 1 1 73 9. Q=8 =%
1 2 3 4 o -7 -2 Rg= -3 |o -2 -7 -s2
Unigue aclidion = [A] O = aw»1 o & o o
& i i ] 1 ] 5] [t ©» o -]
Bos: (D) awa % b i~ R & & ph BeSRyhe = 1 o 3
x % o a - o o 1 2%
Aca: 3
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1. DeriniTions 2. CuaracTerisTic EquaTion 3. Fmoing ErcemvaLues
Let A bBe an nxn square mabee and x ¢ 0 For Ax = Ax =] find  eigenvalues - w_:
be o rnon-zeo column wveckor. - 3 2 1
> Ax-dx =0 o o s ,‘_[12]
* If Ax = Ax for some acalar A, then S K< XL Yo O g .
s v . i s ke 2. Compute. |A= A A-3I =
* v For rnom-brivial solubion x # O, 1 o [ 1 2-A :|
soaliiay A and x ia the correaponding s
f nf, : der(A - AL) = O ¥ I A=A -(2-30" - = 0
x 4. Rooks of the equalion are A AR ¥ =0
[i"_‘ My AL T s e s el sigenvalusa. B~ )G =3) & o
(l,x}umﬁsut—pniru{h_ g A= 4, 3
4. Fimnpoing EisenvecTtors 5. ImportanT ProPERTIES 6. ALcebrarc & GeomeTric MuLTiPLICITY
* For each elgenvalue A, ashe (A = AI)x & @ () Sum of eigewalies (counbting mulbiplicitiea) o UNiagibion T, Ginsh
to obtain the elgenveckor. = brecalA) = o + @, * e oA M, Licity of an eig g G casa
Stepa - (i) Produck of sigerwvoluss (counting rulbiplicities) of |A-AI| = O
1. Sibabibube A in (A - AL, = dak{Al).

*  Geomebric. mulbipliciby (n\a)'
The number of Linearly independant eigenveckors
correaponding ko A

2. Solvm the homogerscus agyaber W) For b e b, b

(A=-31)= = O, are the diagonal elemants

3, Expresa the w in berma of . -
eigenveckor " lis) Eigenvalusa of A7 are same as that of A Al L &, &
RN Rl () Tf X & an sgewslus of A, then kX (k ¢ 0} _
scalar mulbiple If my = my for every sigenvalus,
in an eigenvalue of kA
Example  (conbinued) : than.. A is diagenalizable.
A : 1
e ) (i) I!Flmmu.amafﬂ,thm-sthtﬂ}
L 11 'mmﬁacn.nl....;nfh'l. 2 1
ﬁl{ii] s} Tf A o FWA'[ 2]
v . - aingular, a not
ARSI =0 W ek, 50 il Aallh e & SR )
T sigenvalue of A T . E o e
Eigansactor x = [—11.] fany nen-zers mulbiple) . - R - = g -1 e T
| MNota:
For & = 3 1
i A=3 Eigervmctor = k =4 = my
A-3T = [-: _1-1] 1, Eigenvectors corresponding ko diatinet = g [1]=°m8 3
Harce. A imable
(A 3:},&.0--?.:,-0 5, BEh bk o i i ) P . diageral
%w*-[i](%m—mmﬁ;) diagonalizable .
7. CavLev-HamiLton THEGREM Example N
2. % 1
“'[ ] Applications : |
Every aguare mabrix sabisfiea ks own charackesiskbie eguabion 1 2 |
3 o =1
T pthy e [A=ST| = 20 e ™ & sl gl = 0 JA-AL] = A*-43+3 -0 il e [
i, By Cagylay - Hamilton  theorem, ®  Finding A" (higher powsra) |

2
plA) = A" 4+ ¢ An_i+...+¢__.A-r—|:‘I-Q A¥ - &M+ BT « O

= Y *  Soling malbrix equabiora |
A’-4a~31| |

- i

8. Fivping Inverse Usive C-H Tuecrem 9. GATE Lever ProeLems

i i [n. b el () Find sigerwoluss and sgenctors of | (4) Find A using Coylay-Hamilton, theorem, | (i) If A hoa sigenvelues 2,2, 5, find
i il
e 4 ' - { 2 A ] i CAY, e CRY il AT G i
( y A = 3 .
haracbarable  aguakion [ -1 3 J 1 i of I and A
At = laediA + fad - be) = O _ : ) &
By C-H thasrem, i [ e 1 ] e | A 1 ] AT _3y.q (rees(A) - 2.2.5.09
a -A| = . = XX -3k .
AV - (asdIA < led - k)T = O 1 3-4 L 1-4 deklA) = 2 % 2 % 5 = 20
2
= A% = (a+d)A - (ad - be) I S AR G B AR SN AT B B4 e F e B Bt e
b
Flalblply both sides by A . 2xgE Multiply by A" A - 3I + A « 0 €N 2BV = BY = O
3 =1 -
Ae faeddT = (adi= BXA = S e oo B o ke B
= 1 F+i5 1 i 0 2 1
- AT e (a+d})I - A Far &, = - o= omom = =) T H: Uik
T L ] i 2 (3= & all 4 i By :
= = AY - 947 4 24A - 301 - O
o & = 7-JE H 4 =4
A 5 [tas )1 - 4] For By = 20 = xa[(a_u] sl 3 G B malis Ea W ABT
10. Suomrt Tricks 11. Cormron GaTe MisTakes 12. Quick Rererence FormuLas
v For 2x2 mobrix, broce = sum of sigeroolues, x For\ad}..‘.r\ﬂbd\-:kxiOn#x-lh *  Charactariabic  eguabion |JQ—AI|-O
determinant = prodick of eigervalies
= ® Mot asluing (A -Al)x = O correckly * Sum of eigenvoliesa = broce({A)
v Quickly verify eigenwecker: aobatibabe i Ax = Ax
i iolied *  Produck H = dakl{A)
¥ e C-H © i iy i x X Confuming algebroic and geomabric madbpliciby, of eigervoaliaa
2 &
I ikt o Al algesiseb X Ignonng Coyley-Hamiltor. theorem. applicationa * AT - (brace AJA + (deb AJT = O (for 252 mabric}
corresponding o diskinck cigenvalues are X Sign mistakes while forming [A- XL | * e X [(H;...A)I—A] (for 222 mabrix)
dat A
orthoganal
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S e e e e e S | e e I e e
1. Rouie's Thecrem 2. Lacrance's Mean Varve Treorem (LMVT) | 3. Cauchy's Mean Varuve Theorem (CMVT)
If flx) scbiafles the following condibions: If {(x) sobisfies the following condibions: If {(x) and glx) aakafy the following condibions:
1. flx) s conbinuous in [a.b] 1. §lx) in conbinuous in [a,b] 1 flx) and glx) ere conbinuous in [a,b]
2. ) & differantioble i Cayb) 2. {lx) w differentioble in (a,b) 2. fx) ond glx) o differentioble in (a.b)
3. ‘r(n_) i 'F“’) Then, there exiats ob lecak one point c € {a,b) 3 ﬂ'{") L ‘f"' all x € (a,b)
auch thak
Ther., bhere ssabs ob leask one Fm.ni. e€ (a,b) ||-.¢.-._ there exiats ob lecal one point c € (a.b)
auch that §'lc) =0 ’ 6 = fie) - fla) i
Geomaetrical meaning ks e _
oy QM% i ({‘.b) = th)) E'Cr.) = {ath - 3'@.)) {'(a)
)
V2% (SR - { o) Tangent ot e, - (b, f6) or

i H i

: ! G | ; $6e) $b) - fla)

H H & L H | . -

| : . ; = i I 3 () 3LI=) + 3(4)

0 a c b i !
of a e b *
Mokit o sesd sk b il
4. ApPPLICATIONS
(i) Fh\&me sbabionary poinks {U-\-na Rolle's Theerem) (i) Estimabion of rocts (Lls-n5 LMWT) (i) Inagualibias (U-u-nﬂ LMwT) () Relabion bebuesn § and 3 (U-w\3 oHvT)
Tf $(x) ia eontinusus in [a.b], differantiable n @) If (6} <O, than {(x) 50 has a vt B f0) 8 m in (a,b), than If fls) - fla) and glb) - gla) are knoun,
vl AN i
and  fla) = {(b), then there exstsa c e (a.b) LMVT gues the estimale: AR m ) & =) we can relate deruobives §(e) and g'le)
If {'x) 2 m in {a,b), then
le) = 0. ; Y i R,

i o s £6) s fm) - f)] o) - §la) 2 mib-a) e &8 Sk

= Helps in finding masxima/minima. Also, f m € {'&=) €M in (ab), thn

fﬁrml:‘-(u.,b}. e — s = ==
| mlb-a) & fb) - fla) % M(k-n}J

5. GATE Lever ProsLEms
@) If flx) = x = 3x in [-1,2], then the W If 4lx) = =% in [0,2], then tha | () For flx) = lnx ond 3{%) =x in 1,2, G) If flx) = 2" i [0,1], uning LMVT,

valuels) of e i (-1,2) sabisfying Ralle's velue of e in (0,2) sabiafying LMVT s thar. the walue of e abisfyng Cauchy's than e eguals
i (A) % () 1 - (A) e-1 (B) e
(A) -1 only (B) 2 only % (hy 3 (B) 2 i
() 47 oy = 2 te) % (p) 1
(C) -1 and 2 (D) -1, 0 and 2 2 e 1 D) 2
Sal: s 2ln2 n2 Sel-
ft=1) = (=1)" = 3¢=4) = 2 J % Sa: ’
~4Y w g = Fla) - fiix) » 32 -1 ] fix) = &
{ 5 e = Axy = (x) = 2x
fi2) 2 a2) 2 f(o) =0, -F{l} = 8-2 =6 f ® 8 f61) - §(O) = e-1
i a i L = = = 2 .
+'. polynormiol = contiruous LMVT = 1) = 6-0 i f(2) - fl1) ln2-0 In2 y _
differentinble 2-0 LI G iy TR I MVT = f () = = e-1
} 3 3 i-0
Se, Rolle's bhecrem applicabls. Flin g & atam s At
) = 37 -3 - G-y ¥ | B O, Lol
: s ; cw t 2 1 ln 2 ;
fld =0 = 3fe-1)=0 = c=szi Ney e e c = Inte-1) fwalid n €0,1))
s 2e 3
In (-4.,2), e =-1, 1 5 /3 i s
B e i B R Mo G In (0,2), c= ::'uf = e v = = Ans (A) e-1 (o & = a-1)
2o e = =1 not valid Hews < = 1 3 3 3
[ S . AN T e
Ana: (A) -1 ol in wromg corrach n (B) 2 oy W) A 2T (M e = k) a2 2tn2
) 3
Ana: (B) 1 only Ana: (D) (eloseat D)
6. SumMmMarY 7. Swort TRicks 8. Common GaTE MisTakes 9. Quick Rererence FormuLas
* Rolle's Thm requires {la) = {(b) / For Rlle: Chack fla) = b} fest X Applyng Rolla's thm wihout f(a) = §(b).  # Rolla: 3 e (a,b) sk §lc) =0
* LMVT guma o polnt whars bangend v Fa LMVT: Qu g % R i Huantiabiliby i (o, b} ® LMVT: 3 ce (a,b) at.
porallel ke aseank. . {ib) - fla)
secont line % Using LMVT ab endpoints Flahm ==
* CHVT gunaralisas LMVT for oo fundions. T
" e iz ¥ For CPIVT: Subabbube s formula diceddly B Mok chesking g'ix) # 0 in CMVT, ® CMVT: 3 ce {a,b) st
e Lol L S iy 7 Chak. 2G40 e cpplin CHVT, | B Rasming &t unius Tl riamdh nok i) (F8) - flallg'e) = (glb) - glad) ')
anl peesti
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1. Incerinime INTEGRAL
If F'(x) = §6), then

[fedx = F v c

dmChnthnrumd.

Ikd:-k;+c

ned
(i) It“d.: - = = +C, ne-4
n+

) I%""" In|x| + C

G [ede = vc

x
2 +C (a>0,awni)

) In'd: -

(i) jm:d.:- -cosx + C

(i) Ims:r.d; = Sinx +C

2. FunpamentaL THeorem of Carcuius (FTOC)
(i) First Theorem (Eveluakion Theorem)
If fx) s continuous on [a,b] ond F'(x) = f(x)
. Pkl v

b
[ feodax = Foy- )

ol

Tf §(x)_ia_conbiucus on [a,b], then Hhare exdsts
ok least ene ¢ € (a,b) such thak

r $)de = ) (b-a)

x| W f x* dx

3. Evawuamion of Derinime InTEGRALS

Steps :

1. Find onkiderivakive Fix) of §(x).

2. Apply FTOC : _[:'fcx)a.. - F) - Fa.

wx £

® L s

Sol : [—mt]: = (- cos®) - (- cos 0)
= (1) = (-1) = 2

B =3
N
tun_[:cs«—m:

i, [l = (B wenjoonesd

4. ProrerTies oF Dernime InTEGRALS
® r f)dx = O
(-1
G j" forde = - [ fodde
Y b
b b
fon) j_ kf(x)dx = uL $60 dx

) If §(x) € g(x) on [a,b], then

bf{x}dﬂ. 1 ¥ (x) dx
J, s

) If ms fx) €M on [a,b], then

b
mb-a) ¢ [ fodde < M(b-a)

l

) I:[f(xlzai.’x}]dx- E;wd:: J:g(x)d: L"" 0D dis: = J“ fGddn » J“"’ $0x) dx

5. Improrer INTEGRALS
(i) Infinite Limit of inbagraki
o 1 3
|7 foodx = tim [0

f_ fdx = lim _L" $00 dx

If §(x) ia unbounded ok o buk inkegroble in
(a.b],uun

b b
L fdde = fim [ fGOdx
t=sa* Nt

Similarly, if unbounded ok b,

j: fddx = lim _[: 6 da | W

6. Tests ror ConveRGENCE
; . (™A
© p-test : L 15 dx

{ﬁ’ p:-i(o-mu-g-nt]
oo Pﬁl(diu-'r\t}
(ii-:l;-qmﬂiu\hlt-'

If 0= f(x) £ gix) for x2a,
I- glxddx convergent = J- fx)dx corvergent
J“ $ix) dx divergent = I:. ﬂ(x)dm. divergent

o [lwn [ - 0ctaan |

(i) Jl ldz - [.'.n.:r.-] = 0O (leralnt) J
1
7. GATE Leve. ProBLEMS
/2 R 4 e A
) Sax dx  aquale @ [ Ldx equals @ [ xe™dx equale ) L 2% sy
o 1 % o y =
) o ® 1 A 1 (B) e-1 ( o ® 1 w ® 1 ‘
i = a4 32 3
() -y D 2 (C) Ine D) lne-Ini c) 2 (D) A <) — (D) 3
: "2 " | & & -, e - i hm 4 4
Sol: [-cosx] = -cosZ +cosO  Sdb: [tnx], = fne-tnd Sal : L xe*de = [-(xet)e ], Sol [_ 2.:‘]; = o_(_z). 3
s« D+ls=i ] 41-0 =1 | = 0-(-1) = 4
{&M: (B) | Ans: (A) Ana: (B) Ana: (A) J
8. Suorr Tricks 9. Common Gate Mistaxes 10. Quick Rererence FormuLas N
v Anbiderivebive first, Lmiks Llaker. X Forgelting limits while applying FTOC. . jb{(,.)d;.F{b}«F(a}

v Use properties to break complex integrals.

| v If inkegrond is odd and limits are symmebric I

about O, inkegral = O.
v/Furt.“' L.t“ &
s

X Sign mistakes in substibubion.

: 3

L, 9440683792 | 9908117360 @ www.sartutorialacademy.org
Learn Today, Lead Tomeorrow

Confusing [ win [, J

.

. j: kftx)dx = kj: ) dx
j' [$60) £ gG0)dx = j" fdx = j: glx)dx '
j fode = fim L F)dx

it
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4. FuncTion oF SeveraL VartaBLES 2. FirsT-OrpeEr PartiaL DerivaTives 3. Seconp-Orper ParTmiaL DerivaTives
¥ z= f[x,a} is o funckion of two variables Partial derivabive of 2z = fx,y) wrtb. x W a:._: ) [3_!]
(3 i braakid ax ¢ I) ax gx \ Ix
xnnd.a*ﬂwt.!dqudlmhd'hxmﬂa. a2tz a az
o flxvh,y) - flxy) Gy 2x . 8 [-—)
a : —_ = lmn — dy 3y \ 3y
E_x_aﬂ&: z = x*y + sinlxy) ax h=0 h
() Mixed bk ertvadi
Portiol derivokive of z = f(x,y) wrt. y. a*z i(ﬂ.‘_] ats L i a_;)
(x is treated os constant) 3x 3y dy \ax dy 9x ax \ady
az e flx,y+h) - $lx,y4) If f has continuous second-order partial
e e . kY 2
33 h=0 h derivatives, then G T 1 (Clairaut’s theorem.)
" ax 3y dy Ix |
4. Exampe -1 5. TovaL Derivarive 6. ExampLe -2
Ifz-x‘8+ﬁ\{xu),mﬂfr¢wd Ifz-f(x,s)wdx,amdi.ﬁwuﬁnﬂ; Ifz-xla+x:.|‘umix-t=,5-h’,
| second-order partial derivakives. functions of t, te., x=x(t), y=ylt), find ﬂ-_: ok £ =1.
| Sl :_z - By gty then =z = f(x(t), y(t)) = =(t). Sel :
| » The total derivative of z wrt. t is O Ak o ed
— 2 — X
? = x* + xcos(xy) Ix LaE 9y 4
Y dz dz dx 9z dy dx y
5w Ay - AR B ” ek "oy & kI
ox® 4 J Y
atz 2 . Cl_i. = 2 2 2
Ty ™ sin(xy) More generally, Ty (2::51-3 Y(2t) + (= 1-23:3){3{'.)
ﬁnlx-l-cos(x)—x sin(xy) At £t=41, x =1 =1
5 =y nle g, By ; H
ai; G 2N 4 elag)— g snlig I 3y = o= (2+0)(2) + (1+2)(3)
H 3tz a*z
‘ 3xay  dyax = & =4 ‘
7. Charn Ruie (For FumncTions ofF PuncTions) 8. Exampre - 3 (Charn Rure) 9. APPLICATIONS
I z=flu,v), u=¢lx,y), vailx,y), then | If z = u* + v}, u=x*-y, v=xy ® Finding slope of surfaces.
dz Jz
Find 2 = SZ i Y i ( i T,
dz 3z du 3z v s W ; e 0
= % 9= v ox % o & o o ® Rate of change in physics and
S ] = 3 .
= = 2= 2 a-v—i o y a‘—\'r- - X ’ af »~ af &
‘éz azau+azav‘ M 3 S 3 * Grodint: Vf « 31427
T B e N Aa OE2 m 2u(2x) + 2v(y) = 4xu + 2gv
33 i 33 G au :: ¥ T ® Directional derivabive in a unikt veckor
3 = 2u(-1) + 2v(x) = -2u + 2xv & oo m.] D.f = V¥ a
(Substitube w = x*-y, v =xy if required)

}10. GATE LeveL PRGBLET‘IS (MCQs)

TEAL N R J

WIf z= :r.‘g * 51. 2, G If z = x‘u" + xy, then l (W) If zmx*4y", x=t, y=sint, | (W) If 2z = ln(u+v), u= =*, v =xy,
o 8z . £y than 2% at £t=0 ia then 3z _
= :‘:9 - [ W f.a:I (8) 4 o
) 2xy () Zxty (3 2=
(A) 4xy +1 (B) 2xy +1 c) 2 (D) 3 WV wv
(B) x* 2 ‘ o A az 2x+y -
(c) 2xy + 3" A0 A 3 ‘e 2y 5ol : Bx a8 3_9. - () 2x +y () WV
g d=x & o= 4 2z _ 4
(D) 2x + 24 Sel - Bx b B dt i de Sk = au, wiv ' v Wiy
2 d Bu A
Sol: g_’- = 2xy ai:s = 4xy + 1 T = 2220+ 2g(eamt) 5 2’:' ax - Y ;
x z
H;t-O,:.-O,:;-O-o%-D R T ':2")"‘“_”, (y)
Ans : (A) Ans: (A) 2x + 4
Ans: (A) e
1 Ans: (A)
14. SuorT TRICKS 12. Common Gate Mrstakes 13. Qurck Rererence FormuLas
v Differentiote partiolly: treok other % Differentioting both variables l%(x_")-r\,:‘."-"' %(3).0
variobles as consbtants. mulhnm‘lu inskead. of Pﬁrhal.l.u A % {xu:l "y . _aa_! ("3) s
v Apply chain rule systemakically. % Ignering wdﬂnh-h M:""-“‘ﬁz prEei: | & % = Shead, ae aligd, wostig)
V For total derivebive, wribe in differential| X Confusing & with 0. W B s B e
form: dz = z,dx + z,dy. X Missing choin rule in composibe funckions. 9x 9y “ v
e dz = z_dx + z__’da_i
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1. HmiﬁlmoFFummusarTchms]
Let = = flx,y) be defined in & neighbourhood
of (a,b) nnd.ht.w\na corkiruous F.ﬂ.kaﬂd.

(i) Cribical poink : fxla,b) = O, {a{o..b)-o

Lk D = fuu fiyy - (fuy)®
Condikion D Fun Mabure
1. D»0O >0 Local Minima
2. D>0 « 0 Local Masima
3. D<O — Saddle. poink
4. D=0 - Test faila

e~ }

: If D= 0, the test is incomclusive, |

2. Sters vo Fmno Extrema

(i) Find f. and -Fa and solve

fx=0, fy =0 to get critical pointa.
Compube fux, fyy, fuy ob eoch
Find D = f-m‘Fw = cfua)!-

Use the second derivabive tesk to
classify the poink.

Example

Find extrema of f(x,a) = ::115‘-4:;413
Sel

fx = 2x-4,
Zx-4 =0, 2y+2 =0 = (2,-1)
fax = 2, fyy = 2, foy = O

D 220 =@® 5 0; fuiw 250
= (2,-14) is poink of local minima.

()

(3)
(&)

fy = 2y+2

3. Constrarmen Exvrema (Lacrance MuutrPLiesrs)
To find extremao of F(:t,u) I.u.hJad: ks aﬂl,u) =0
solve T§ = X Vg along wikh glx,y) = 0.

where
r"f - (fa-ﬂl)
Vg = (g=.9y)

Find extrema of flx,y) = =* +y*
subject ko x4y = 1
Vi = (2x, 2y),
2x = A, 2y= A, m+y =1
“ meyw bR ond 2(4) =t = Aat

Vg - (1,1)

-

x =y = i/2
foin = fl4/2,4/2) = 4/3 + 4/4 = 4/2 (Minimum)

4. DousLe InTEGRALS

() Definition. (Rectongulor region R < [a,blx(ec,d]. I

(

(i) General region bebween y = g,(x) and y = g (x),

as x=< b)

31(1) % 31(133

ﬂ flx,g)da - j:' .E §) dpdn
R

ff B ﬁ' flx, ) dA - _L J::;’ x,y) dydx
i ‘ 3 u-ad’; ‘
B Yy =g,(x)
l of a E * | o | a L &

Ewaluate T -|_[£ fx+y) dA where R« [0,4][0,4].

a
i
2

Example. Eml-l_[ixﬂm,m'aa.w
i T
Jos s [ e [

. L‘

e

= =4,

%, %0,

%‘*"[s

5. TrirLe InTeGRALS

(n.J Rantnn.sulnr box [a,b)x[c,d]lx[e, ] Ga)

0=z
Seb

|

6. GATE Lever

PﬁOBI.EMS
(i) Find the extrema of :.,‘Uﬁ’-ha,

J]H flx,y, =)V = L L r fle,y, 2) dzaﬂd;‘ _HH fex,

@&- E\.ulunl.-_ﬂu.id\fwth-_mk-_

Extrerum. of flx,y) = x* +y®

Generol. ordar of intagrobion
Y, z)dV - j J. j fl=,y,2) dee dy de

(dm‘mupﬂ'hmha

x & 1, 01-5.-1, 0Dz zx 1,

I L T

.L’ ‘[:s.aﬂa;- L‘[ﬂ]:d;-fu.‘-i

- 1)

(i) Polar coordinakes (R :

[revenr [

a8 <p, rn(8)zrzrle))

-r,(e}
flrcos ©, raing) rdr d6
i (8)

M:Emﬁrd.ﬂwﬂamhsoxrti,

06 §.

“I:rrdrd.ﬂ-‘[mj.a‘r"d.rdﬁ
C[§Lw- -ty

)y In caLi.n.d.n'.:n.L coordinokes

U!H {tr.m 0, z)dV - L J rl f(r,8, z) rdzdr d.a?

Examgle | Volume of cylinder x*+y*za®, Osczs2h

Sl V- L“ I: Lh rdzde do - L" ]:' [rz]” drde

S A R

an hﬂ‘ kﬂ‘. FT
- de - == [e],

e = ma'h
o

|

1

(i) H(,.,, dA over R = [0,1]x[0,2]. 'tw)_ﬂ]'[i dV over Gzrsi, 028 s2n,

(L) Min ok (1,1 Akl o coeiady ke 3 Yozzz2
(B) Max ab (1, -1) (A) Max = 1% (B) Min o 2% W 5 (B3 ) an B =
€) Min ok (-1,1) A © 4 )] % (€) 4w (o 2
(B) Mox ok (-1, -4) €} Max = = (D) Min = O
Seb Sl Sl : L’ _[:-’;“ Y P Bl R ol e B TS E- f L’rd:.drd@-L“L’ (2] drds
fu = 32" - 3y, fy - 3y’ - 3= 2 = X, 2y = A, m+ly =4 o (meyg) dy L"-'j a].
s fpno woaxtey, yhex - xe A, oy N :
= (=x,4) = (0,0), (1,4), (-4,-4) % sepdi g T mun R . J' (ax+2) dx = [x%e2x]) =102=3 . La. 2[,_111 o r..“.e e |
A (4,4) fam= 6, foy = 6, fay -3 o i e s

Detéé- (-3 « 2350, $>0 i’ {"'3]'(3'?) Ana: (B)
- Min ok (4,4). Ana: (A) £ %ﬁ %’} - .‘:E.f: Ans: (B) Ans: (A) |
| 7. Smort Tricks 8. Common Gare Mrstaxes 9. Quick Reremrence Fommuias | 10, Kev Reminpers ]
v Critical points come from fu =0, fy = 0. | x Forgebling second derivakive beak condibions. * Do faefyy - (fay)? * Classify with D, nok jusk fun.
v Use D= funfyy = (fuy)® for quick test % Not chacking all critical points. e Comsbraink: Vf = XA Vg A i ] _
v For coratroink use V§ - AVg % Tgnering boundaries in comsbroined problems 'MW‘S'“’!.[*(“'H}“"JIW‘“ ®  Skebch region before intagrabing.
v For double inkbagrals, choste order % Wrong ordar/Umits in mulbiple integrols. ¢ Poar: dA = rdrdd * Simplify befors: trbegrabing,

oy dakagiakingy: o aakeh - ik % Miasing 'r in polar/eylindrical inkagrols o Triple (eyl): dV = rdrdfdz & e e ! ;
v Tn polar/cylindrizal, dont forgeb the w S v o kot b : Prackica, - very umportan!

l

Josobian: di = rdedd, dV = rdrdfds.

|
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1
1. InTrobucTion 2. Fourier CoerricienTs 3. Even ano Oop FuncTions
A fund.wt f{t) uf Pch.d. 2L (ie., f(suzl.]-f(:) & = i jl- .r(x]dx (i) Ewen fu.nd.ln'\. f(-x}-f(x) (i) Odd fund‘.wt\ f(-x]-—f(x)
which sabisfies Dirichlet condibions, can be L)y ¥ b=o & e e
L
opressed. o i . nnx a 2 flae) dex L
- = Lk v 2 . nmE
= Qn LJ.—Lf(x}m = dx, nzi L.L:- h"-IL r(z}de‘
ffx)-ﬂi-z [u“mﬂ+b"mm] a, = lj $(x) cos 25X dx
2 T4 L 3 . B 8 L
b = L j flo) o P . ad
L -L L Hm.
where a,, a,, b, are called Fourier uuff..umh I‘Ff':’-:;‘m: If f{z)i.u.ﬁdd,
i ¥ " =
fe) = 22 4 T a, s 2FE (| fx) = ¥ by, sin MTX
nsd el L
4, HaLr-Rance Fourier Series 5. Imporrant Resuurs 6. Importamnt SeeczaL Cases
(i) Sine series (odd extension): O cx <L % rfm“—xd:- 2L, n=0 W f=) =1
= i 4 -L L o, nizi
f(::)- Z-’.h'\-.i“T N a, =2, a, =0, b, =0
iy . nEx
3 L —'L ¢ ‘J- - * J"L MT dc=0, ¥n f(x) i
mlvun.h,.-f_[ ) sin 7% dx -1\/|0 .
=]
4 E“mﬂ mex g [L mem#0 | G) fx) = x (-L<x <L) (odd)
L L I 0J m#En L n+d
(i) Cosine series (even extension): O <x <L b..'ij xﬁn“—zdx-al-(-ﬂ
= - Yay *EL“EME#' L, masn B - L nm
f(:)-T'i-Za“m“Tx L L L 0, m#n =
n=i /' = 2'-('1) . AWx
‘_.r L f(:) = Z ] .llnT
QIL 5 o L% e M= uan0, Vmn L=
where a, = I flx) dx , -L
(-]
(i) fl=) = 2* (-L<=xz<L) (even)
g it i AL points of discontinuiby, the series converges f
SRl 1 f) + $) L e B g LGN Lo
ta -——2-—‘ (n.ulrn.aq. Qj Limiks). o 3 ? ot ’ J
7. GATE Lever ProsLems .
() Find Fourier series of fx)= x in (-x,m). | (@) Find Fourier saries of f) = 2 in (=m,x). | (i) ng{{;]-{i, O0<x<m | (iv) Find Fouriar sine seriee of flx) = =
= 0, -nm<x<O in (0, x),
=] - &: -F(x} is even = b, =0 fu\d_ R (-1:,‘()_ " [- )n‘!
flx) s odd #+ a;=0,4a,=0 &L'b'ijxﬂnxdx-z 4
= 1 J' % an* Sl e L n
iy s 5 2 Sol
b, = = j % sin na dx E J. 3 ("
— a, = — E {1de = 4 - nsd
i " " Jo £ E 2(-1) . o
2 [* T j = e - x s Otwen
._-J- 2 sin nx dx ‘ L a_‘._jmmd;.o ned
" Jg “ T o
2("1} = T
ned = 4 , 1-(-1)
= 2(-1) nZ b, = ;.L sinnxde = __n.ﬂ o
n m 2
(-1) = n
o et (e = S 2 3 i-(-1)
fex) = Z 2(-1) — f" g-:; At f(x}-i+'§lT sin nx
=l i
Ans: \:AM: Ans :
8. Snort TrIcks 9. Common Gate Mistakes 10. Quick Rererence FormuLas
¥ Check ewn/odd nabure firsk to reduce work.| % Forgling the fador 1 in cosfficiants. | #* General FS (perisd 2L): ftxn-fz&»f':);t[n..m“fﬂnm“f}
L L
V' For half-ronge seriss, extend the fundion | X Wrong limits in half-range integrols. %.%j foddx,  ay - %I ) con 2% 4
-k =L
evenly (cosine) or oddly (sine). X Ignoring symmebry and caleulsbing oy, b, ww JL ——
¥ Use orthogonaliby results to evaluate G Lo *
Cﬂ-ffm%ddu . |- . % Even funetion: b, = 0 od.d-fltrmbm a, = a, =0
. X Wrong signs while intagrating by parts. & S Zr':).mm
¥ Always write the interval of defintlion Helfrrmge: einad: by = T | fl) inem da
X Nt mupL{&na ifu ol saries. L L
clearly. f % Half-range (cosine): a, = 2 j flx)d=x, a, = 2 J- fﬁx}lmﬂ'-‘—"ﬂ-dx
L J L Jy L
J |
S J
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1. Scaar anp Vector Fiewns

A scalor fild in R} is o funchion $lx,y,z)
thot cssigns o scalar to each poink.

3. Graorent (grod )

For a scalar f’uld. @(t,a,z),

S DIREC"I"IGNAL DERIVA'I'I\"E

Rate of change of $ ab a poink P in the

-

direckion of o unik vector u.
A vector fuld in R® T (x,y,2) = PL+ Q] +RE Ve Dg, 2, By
Ix dy dz Dd = Tiic
where P, Q, R are scalor funchions. J @
2. Vector IpewtrTres o s If U= E,j.j.i gives 2% 2% 5 .
aly of &. dx ay dz
o * Magnitude is the moximum roke T
W V-(VxA) =0 vt * Example : ¢ = =%y + yz?, direction O - tt2i-h
) Vx(VxRA) = V(V-A)- V& Insresse Ve
= A E * T
) V-(sA) - ¢(V-R)+ A.V¢ Exompls : $(x,y,2) = =ty + ya? A (1,14,1), V¢ 2t + 27 + 2k
() Vx($A) = $(VxA)+ VoxA $oogRit
= 3 = b = ¢ » | D & et g gt gak) s BT
@ V(R-B) . R-VIE + B-VIR + Vs S v w 26 ot 2 7
Ax(VxB) + Bx (VxA) l
(i) V¢ = V- (V4) (Loplacion of ¢) = 2:33 + (=*+ z"}j + 23:3. = 2+4-2 = %
7 6
VA = V(V-R) - Vx (Vx&) i
— —_ — T s l T — -
5. Drvereence (div F) 6. CurL (rot F) 7. Oeenstorn Form tn Camrestan Coorbinates
Fr B - Pt +Qj+RE, For F = Pt + Qj +RE, Del Sk,
‘ t i k
; 8P L 2@ . B8R TaBoa| & 2 @B i s 3 . 3
w.F 3=+33+31 g Jx 8y dz Y LEA-JB—A‘&.E
P Q R 4
i ks SR 2@y, (ap _ar): (20 3p\g| .
* Physically: measures nek oubward flux per ay a9z =F3 ox |9 Ix EM E
und’.vdumnhﬁpmnk o Vackor ik . 9P0d¢ = V* |
| div F >0 — source o Diraction: givan by right hond thumb rula. dw F = V- F
r.l.uvi" <0 = aink ‘ .Hnelﬂhdl.: measures robakion (circulakion curLE ' v’?
div F =0 — solancidal fleld danaiby), 8
Blasiles Bvmgl wgn] o sak Kok = = 130K
i = lzt". ‘ Z‘
Examgple < F yj + =k TeF - (m:ﬂ) - aiﬂg))t i (9{:3) 4 a(n)) F _ % . %% y %
W B oo 2 | azy) | At 3y 9e o o ax*  ay* 3zt
dx QH = o (3[31) = 3(1!}) "
3= 3y
= 2x + x+1 = 3x+1 . i A, o %
= (-2l o+ (-2)f + (-gdk o= -2l - 2] - yk
IT— ! L I — =il ) B

8. GATE Lever ProeiLems

(3] If¢-xsz,ﬁ:dv¢m\dna¢d:(i,i.i) f,uJIf? = :1z+153+zl‘l‘t, ‘tm}IfF -x”:-ﬁazjd-x:i, |[.|»JIfi'_.- V¢Farmlmhr¢,
in tha direckion a-"—*’j_;—". e G find V x F what s V x F?
Sal - i a5 (A o ® Ve
T = yxl + x2] + =gk ) . o F (D) Not dafined
AL (1,2,1), Vg -f+]+k G o 3R | ey | 3(”‘ VaF e -2l - af - 4t
P | % T % " & | Sobt S 7= wo,
D¢ = (T +] +%k) - (from Ex. above)
& . —-
3 i = 2x + x *+ dz = 3x + 2z va?'v*(v¢J-o (‘M)
= — = V3
= Ans: 3x + 2 | A t H k Ans: (A)
Fo— : 3x 4+ 2=z N : zL zj y :

I

9. Swort Taicks 10. Common

v Remember deberminont method for curl

v For gradisnk, write oll partials Wk
mhmuﬂ#fjk i ek

SAR TUTORIAL ACADEMY Hvoerasap
Learn Ted.nad, Laad Tomsrrouws

X Forgething unik veckor in directionol

x Semnulhkllnmh‘m

¥ Confusing grodient (V) with. curl (V<F).

L, s44aoesa7e2

GATE MISTAKES

11. Quick Rererence Formuias

12 KEY REI"B’NIERS

& I*_ﬂi*ﬂji‘ﬂi |*G’nﬂaﬂ¢—+mhm
3Ix dy dz
*Dwsﬁnm-bmfmk
= D - WV - a
of partial derivakives o ¢ LI O S
div F ar aGQ aR
- N - — o —— o —
a= 33 dz *N:.nﬂ.nehqkumh.uqlwn
F.(3R_2@\; (2 3R

-(aﬁ )t

..(ﬁ-_
dx

dx

9908117369

(

@ www.sartutorialacademy.org ‘
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ri_ Lmve Intecrais (Scarar _V:c'ron) 2. INDEPENDENCE oF PAm (Conservarrve FTEL:S) 3. Surrace InTEGRALS 1
() Scalar line !Eﬁ!“_-l ‘ If P i conmervalive (ie., ?-Vl’? for some $), (i) Scolor surfoce integrol ‘
If f s o scolor funchion and C iz o than for any cune C from A b B, If f is scalor and | i a suface,
smooth curve from A to B, then fdS
i o F.d7 = &(B) -w.s.;j —
| ‘Lfds - [ FE® POl 4 ’ u i it | 00 Mk arfiaca inkagral: | (laisd)
3 If F uvl:tarf'uld.
(i) Vector line inktegral I-FV:?-Oha.detﬂcamﬁhr.Amsin; =
If F s a wveckor FAU., g E is conservakive . uL A dS
‘ ‘LF.UL:.I“ F(-‘-'(t.)-‘r"(t)dt‘ Examgle : ¢ !TL o -
z =+ = - - -
20 & 4 Evaluake L V{x"y + yz) - df from (0,0,0) Evaluake the flx of IF -’-xi. ‘:!ﬂ : 2 ki
:I |1:of1.,2,3)nlar\ﬂun3pn.&\.. :\druuﬂhuumplmonq-z-q,
Evoliate E (xdx + | dy) along the Line [ o 2
from (0,0) ko (1,1). = . By Divergence theorem (see seckion 5) :
Sol : Here, ¢ = x'y+ yz . ﬂ‘sa_gﬁ_ﬂ (7. F)dv
Porometrize rit) = {t, £}, Otz 4
= (L Velim = B2 = 000000 VP ds de L
[xaxs )« [ arora) - [ aa a1 = (W@ + @@)-0-8 . Iﬁ3d.v-a.x\.rot.o{-phn.ax%m'.4m‘
= o o E SR —
4. Vowme InTEGRALS 5. Green's ThEorem (rLane) 6. Stokes' THEoOREM
lm fil, .80 .w‘ bounding region R in xy-plane, and boundary € (posibively oriented), and F has
e AR E-P:‘foj,w}w'.P,thﬁ mmpqrhnlduwnhxuthﬂt
) Veckor wolume inksgral continuous partiol derivakives in R, then =
' Plx,y,z) dv aa _ aP ‘i‘- J-L (V#F)h 45
j_[j; .9, §CP#+Q%-H(;—E)AA}
3 V Stokes' theorem Foa =ylw=x]
Evulmzh.ﬂlf:fu+:)d.\’_dm\fuhm & ‘"‘Fsa = S 54 g
ok i €5 x" 4y ma in.xa*';-lm.
Sal . > x Sel. £ § E] . d
J]l e j.: Il J.s. i g Ml TxF o= |ox ay 60:. = k(i+1) = 2k
1 1 Gz“l & o = =
-’L-_L [xzfut‘r%j'dﬁdx Evaluote §r. (xdy - ydx), C: xtd-:’ -a . RHS-IL(EE}-idS e
-L'Lf“s+%)&u~** Sl e, P & _—
A gk % ere, P=o-y, - x LHS = 5[ (-ydx + xdy) (anbiclockuwise)
DACEE 28 AP 38 o LasGwea :
" 4 - 2wal
j (x+—+—):l==-j(ﬂ+ﬂdx-“- -Ez&h-thuufﬂrch-anxn"
. = e ~
7. Davercence THeorem (Gauss) 8. EwvaLuatron TecHurques 9. AppLicaTIONS
If 5 s o closed swfoce enclosing volume V * Paramebric representabion for curves and surfoces. * Work done by a force along o pakh:
Mmﬂhﬂ.mﬂ.?hﬂmﬂm * Use symmebry bo reduce eompubabion. W-ji‘—'d.r
portial derivabives in V, then # For line inkagrols, check if field is conservabive, * Flud flow (flx) ocress o surfoce:
[ILE,;ds_ﬂIv.i!ivJ o For surface/volima irbagrale, wie Heorems J’L¢~ﬁ.15
e (Grm,Sbnlnu.,Gnuu)tnmm-.rtlnmPhrfurun. lc&mlnhiar\.nro\m.d.nbuar\dnra:
Example : s Conwerk: to- mutkabie: coormiinalis Gekir; sherical; § F.af
Evaluake LL(IE*&T*Z:)-;\-&-SWU\! eylindrical) when necessary. + Total flux leaving o closed surface:
surfoce of cube 0 < x,y,z < 1. Usoful corwarsions : JLF-RH.S
Sel - Cartesian: (x,y4,%) * Mass/charge inside o volume from densiby p:
T-F = d+44+4 =3 - Cylindrical: (r,8,z), dV = rdrdo dz ﬁ[“"
- Fha-ﬂLSdV-Sx(\H.efmh)-a — Spherical: (p,8,8), dV = p* sind dp do 4o

[10. GATE LeveL ProsLems
@mj;(zxdﬁ—sil’.dﬂck (iDF‘hmof?-s?#onxiM
B\-!.dﬂlq-xloaz-u' (positively oriented). through the eube 0% x,y,z 51 s

@) Tf F o -ylexisok, find

@) Evaluate § (xdy - ydx), where C ia
varkicas A
L Fodit sohiorn: G in e, cliula

the boundary of the square with
(0,0).(a,0),(a,a), (0,a)

) o (B) wa? A o ® 1 o (B) ot x* eyt = o in xy-plone.
(€} 2wa® (D) 4wa? <) 2 m 3 (c) 2a° (D) 4a® (A) o (B) wat
i.ha&m‘;m_:_a_’.gt-n;&v F-e0+0+0=0 |§gl:s-dr;rm‘.u...,.1...,ws...-‘[LzH (€) 2wa* (D) 4ma®
4y
Value = 3 x ma® = 3ma® Flux = O = 2 x (Area of -zvm) - Za* Sel: U-J.n.a Stokes, volue = 2wa®
Ans: Mone of the above (Value = 3wa®) Ara: (A) Ana: (C) Ans: (C)

+ - —_— — —d — - <
11. Swort Tricks 12. Common Mistaxes | 13, Quick Rererence Formuras 14. KEY Rmnenr.
“HMWMW X Forgetting orientation. {normal or curve). .v.E%.j%.i% |*p,mmﬁ.im,.f,|.,_

& For s & K closed f i ¥ Missing minus sign in df o dS av?-%+éﬂ+% * Drow neat diagrams.
divmrgence thesrem.. ’wru\ajnmhmkmdw?nfmrh&l.| . v,?.(é&-i)i.(ﬁ.é&)j‘{ﬂ_g): % Check limits ond orientabion.
v For circulabion and planar regions y 8= 3 dx dx  dy * Uﬂdﬂsi:undu-umrunﬁ
visn Braarla . Mhamrant, ¥ Agplying theorsma withouk chacking .IFJ.HW,F)"H (work, fluwe, circulabion) .
¥ Alwoys check orientobion of C and #  Thesrems sove bime in

L & : — . GATE Probh.rﬂ.s! i
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=
| 4, Green's Tweomem (PLane)

| If Ciaa Ponhmls oriented , IiJT\'ﬂ.l., closed
curve i a region R in the xH-Ftwu.,
and P(A’.,H), 0(1,5) hove conbinuous P:Lrhnl

dnrinnﬂm.mmapmreaicn:anknininﬁR,
then

franosy- £10- )|
Where

C : Boundary of R (positively oriented)
R : Region in the xy-plane

c

x x
, o] | |
r— —_ — ——
ExampLe (Green's Theomem) Exampre (Stokes' Theomem) Exampie (Gouss Tueorem)
Evaluate Lf!t-g)dmofugvs‘)dﬁ, Evaluate Fodf, whare F = yl+z]+=xk Evahuh_[LT“-adS. o ey
whare C & the posibively orienked boundary and C iz the boundary of the surfoce . i s .
of the square: 0= x 2a, Oy % a. S:z = x* +y* for z 5 1 (upward orientabion). Fexteyjezk and S i the
E! |aﬂ.L z ‘-'"'*!I‘ closed u.l.rfuuof the cube Gtz.g,zi -
Hnru.F-x‘-u,Q-zﬁ+s* Bgshlus'hhgeum, St
2 ® i3 L?”":"JL (¥ xF).Ads 5
= ¥ 3y " [ (a.a) | . o 3 . Wi :
¥ xF = a 3 a ~
L | = 2 F.nds = (V. F)av
(s @-Frv-eniwn | =& & L I
] " = ilo-1)-jlo-1) +k(1-0) . B B 92 -
§ Pdx+Qay ﬂ(umma& e } bl v-.F e Rt el bRt
2

l 3. Gauss (Drvercewnce) THeorem (Vorume)
If V ia o volume in R with plecewise smookh.
closed surface S (eubword orientakion), and F
cnnbai.m'.nﬂ V, then

‘_[[;?-ﬁds-m;(v?)w‘

2. Stokes' Theorem (Surrace)
| If S ta o smocth oriented surface with

anvdﬂmmh:.mdnrﬁ E,
and F hos contiruous partial derivokives

mn.ruﬂLcrL:on!’.ni.n.inas,l‘.h-n
g Fea - LL(VxE)-ﬁdS‘

| Where
| C : Boundary of S (right hand rule)
|ﬁ=ummh3mmc

z

where f, = 2x,

So,

Hence, (¥ x F) - RdS = (-i+]+k) (-2x0-2y] + k)dA
= (23—23*—1)“

Pru_jud:.l.onm xy-plane: x"d-s" = 1 (circle)

§Foa - J:E.x’*a‘ﬂ (2% - 2y + 1) dA

“uh\he’nl.nef2xand-23whﬁrﬁhmm

Hence, _[[IS-J.V-S:VMofm-Sna

4, GATE Lever ProsLems
b

boundary of the triangle with vertices
(0,0}, (a,0), (0,a) taken in

Sel: By Green's thaorsam, P =y, Q= -z

Li‘.a:

| %‘l_%ﬁ-d_i._z Feybexfsnk By Gouss theoram, _[LE-&d.S-_[]I(V-F)AV
x Y TxF e (0-0)-j0=1)sR1=0) m=isjslk | _[]; BLaus o HL (v F)av
"’“"*""""31'"3‘“* For ploia w4/ v & a b sk ochank, prsjechad ..y 3 32 6600
rogian n xy-plane s triongle with wea %o - P - 3x ay dz

- -{:(Hd;:-:dﬁ)"-zl!%ﬂl--n.l ek el

1
W@ Evluste § (ydx - xdy) where Cin the (1) Evalunte § (ydx + xdy + zds),
whers C i the boundary of thae portion
of the plane %4y ¢ = o Gn Bia fursk
Sol: By Stokes’ thaorem,

_.i'
1

4{:?"; . J'_[_[‘w,ﬂ 1dA = Area of crcle =
Aﬂ‘-:'ﬁ. i
[w) Ealuats '[L{Idﬂd.zbud_zd.x.-—zdldﬂl [ If F o= 2yle22]s 2xk, evaluake
whirs ‘5 ia Hhe cloisd surface of Hha aphars Hsa-adSMSuhM
x4yt 42t = et surfoce of the cylinder x* +4?* 5 a®,
02z %h (oubward orienbabion).
Sol: By Gauss thesrem,

Sol: Mobs thet xdydx + ydzdx + zdxdy

-~ F.ARdS for ?-x3+uj+:i

- _[_]; (FxF)-RdS whers

(upwonrd diraction) =

A na® = 4na

= 3 x Voluma of sphare = 3 =

s--};{:ii-ﬁ}dﬁ, a Hence, flux = O
z
(0,2) Harce (P =P} Rw (Lafek) ke llejoidnta TR 1T & o
| -i? a:.‘[L;}ia,s.’ﬁ-%," >
z
Rk &
Ans: -o* (0,0) (a,0) 3
4 ] -

| | 22 = l 2
[
5. Sworr TrRrcks 6. Common MisTakes T 8. Kev Remmpers
|/Nwa"lmmmmhn{oouuﬁnﬁ xwmnamm(m\- 4 =l ing, mek jusk f i

theorems. anticinekusise). = =

-ML?JE-IL(VKF)--\G.S % Practice varled GATE level problems.
/FueGmn'iUum.Mﬂ*ﬂfwn %  Forgatbing unit normel direckion 5 Y
aq _ ar * Gousa F.nds = (v F) dv % Drow neat diagroms ond
and find S% - Z= firat. & 0 n €
y Missing minus signs in Curl 2 . ’

|\/Furstnhumﬂ§'\lhuﬂruhfnr o goagn. 15 & § ol o

dirnction. (Curt — Boundary) x By o= % Thaorems sove kime in

x P Q R

/Fannuu,whﬂ.l?ﬁntln .vi_l_a_l‘ 3_‘2‘% tough Inkagrala!

Rt Gk v o« lmuse . 2l l = 6_5 dz l —
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)

1. First-Oroer Dirrerentiar Eaquarron
An equobion inwolsing ylx) and ibe first derivakive
;3- ia called

a first-ordar differentlal equabion

Genaral form

% n Flx,y)

or

M(x,s)&x + NCx.a)dH =0

1

Bernoulli Equahons and APPlix:.o.l:.i.on.s

2. Linear First-Oroer Drererewtiac Eausrion
Equation of the form

.£+ x = x
|dz Plxly Q(J‘

Solubion
IF - cJ‘F(x)d.x

General solubion

‘ g efp“”"‘ . IQ("J ‘jnmn#.c’ ‘

Example Solve iﬁ- aﬁ-ax

dx
Sel: IF =« r._rld" . e

ﬂ.x = -[t‘ & dwow G ‘[:lxdx +C = %;:"*C

1
2

- y = ¥ SaTE

i

[
3. Nowvmnear Frrst-Oroer Dreeerenvrac Eausrions

(o) Separoble Equobions
d
b :‘1 = X(x)¥(y), then
S s
T X () dx
Examgle -
f_‘i - EH
d=
2
S Moawa @ ._"5_+c

/%

=+ y = Ce

(b) Homogeneous Equabions
If % = F(i) pub y=ux = %

dv

- Vs —
dx

—_—
e

4. Esxacr Diererentiar Equartions

Eq_unki.nr\ uf the fcnn M(H.ﬁ)d& + N(ﬂ.a)dﬂ =0

5. Linear Eguatron (AnotHer Form)

Equation: L 4 PGy = Q)

6. Bermoult's Eauation
E-r.‘u.ul‘.i.nn nf the 'Fuml.

s exack i Mok B
4 2H - A, d | .:‘.;i. +« Plady = Ql=dy™, nwo0,1
_dy 0= Homogeneous part Iﬁ. + Plx)y = © dx
Solukion. | * Solubion
Thers exuuaa fu.ﬂﬂhﬂ!‘; #lx,y) such that Parkiiil by mathod of I.F. Divide by y* and put v = ==_l-.\
s ) g
dp = m-dx 4 o= dy = Mdx 4 Ndy , Then 2% 4 (1 P e W DY filbrmar )
7 Example.: £
- ¢(:.,3) - C Examgple d
Sila 4 . 2
i“-ﬂ& Salve :.li + 13 = ::z dx X x *y
Selve (2:5 + 3dx + (=7 & 45)4—3 - 0 dx = Sel: Here no= 2, Didde by 3:,
Sal - H-Exﬁtﬁ, N-xa-bq-H Sal - 3_2514--1;3_1-:
X x
amM aN 3 1 dv -z dy
E-lx‘ E';"‘ {Exact) | IVF__‘J‘Tiz_‘zM,‘_x; Put v =y el e
Leb $y = 2xy + 3 A s o e o s
g % 3 3 4 xs dx x dx x
""‘EH"‘.:")“‘S{&L} 0 y= --[:r. x d.:.+C--[x dx+C-?+C 1E = '_J‘--i-.dx = -1
- & 4y =+ -4 2
by "*El&la"’li 9ty ] S, .[_x T
3ly) = 2y =2 ¢ 4 2
- 2y 4+ Bx + 2y ﬂﬂ-?‘? u-—-x—q-Cx-o .-.i:.-.. i’
= xy o _ 2 = P
4 - — . - -
7. APPLICATIONS 8. Fumrther Tvres (MNownLiMEaR) 3. Summary TasLE
i Zc:n.ﬂ.uhm growth. (no restrickion) () Equabions solvable for x | [t Bt Sy 1 B Method
= ke dax
YRR W RIS ¥ 5 ¢ Eahaia % + Plady = Qlx) | Inbagrabing facker
(i) Population with carrying capaciby . i el L
Ll B s : ol o Separable ;xl - X(=)Yiy) Sapardba variahlas
E = kP [1 = F) (L"a"*‘“ “‘r"'ﬂhm) Btl suikable MM\(.S y= vx) H ﬂ M
(uz) Newkon's low of cosling (i) Cloiraik's aquebion. b g F(;] Put y = vx
dT
et | - 1w AL i O Exact Mdx Ndy = O Check M, = N, then ¢ = C
a i g = xp+ flp) P";i' & i v :
—kt -n
* T w e Tl Garwral slibion: y = Cx + §(C) Barnoulls 8, by Qi [ ik v - g
(iv) RC Cirewit dx
i . doa . E Singular solution: x = - £ (@), y  pflp)- )
& = RC R |
10. GATE Lever ProsLems (i) Solve -j-i— vy oyt
" d 1 " d i . 4p
msduﬁ-o:u-x tu.lsa..(a.xm..u.auﬂ.olcmzsana&.ﬂu.z} &_ G (v)wu\m.;—:-[l.ip,
" o A pee LW 7 - 1000
; : dx
I .ot L . LI AP L R, RE St Moo oo Sal
4 O 4 A 5 Pa Pis™ o 100042
Hg.Iazdu+C ‘?+C Lat y = y +x < -..:.....:-..‘.1_\,.-‘ = Tas e »
v g d-oxy e Ao gly) lndyl = %~ == +C T e AE b = 20,
iy e XT Yog dy ==+ gly) = x-y = glyl=-y . ve® o J'-u"d;.c P = 1000 = 7389 06
2 e sly) - - L o St = {zetde™ o C Ans: P m 7389
A"‘“H"_‘_ = ut c voe xsd s Ca¥ = et . h
3 - TRy TE " R c:—:‘t’ii' . 4 x+4+ Ce™
’-l- 2 3 - 3
[ mate. . _ | %" Sk L
11. Swort TrRIicks 12. Common Mistaxes 13. Quicx RerFerence Formuras 14. Kev Remmnpers
¥ For Linsar squations, sluays find LF first. | ¥ Missing the intagrating facter. s S L % Undarstord the byps of sguakion firsk.

Exack eguabion: chask My = N,

# .' ; 5' * Bernsullic v e 3"". i e (1=n)Py = (1=n)Q
v om oyt X Forgalling to subskibute back in dx
F: S

¥ For homegenecus, use y = wvx, Barnoulll squatisna. * Saoparable: o Xlx)d=

Do nok forget +C in the final answer.
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4

1. InTrRoDUCTION
A differantiol aquabion invelving the nth
derivative of y(x) is colled on n-th
General form (Linear):

d-nﬂ d.n-i.H
a, ax" + o, , F +one
+ a, %2— + agy = R(x)

where o, are constonts, o, # 0.

If R(x) =0, the eguokion is
homageneous ; otherwise non-homagenesus

Particular Irdzarul. and Initiol Conditions
— -

2. Lmear Drrrerentrar Eaustion wrTh

Constant CoerrFicienTs

’7%3(@ b 5(!\-1} .

o+ o,y + o5y = Rix)

where o, are constants, is called LDE

Associated (Auxiliary) Egquakien:

i L n=1
{nnm +a,,m

+...+a1m+n.u-0‘

' ‘ the Complementary Funckion (C.F.).

3. Comprementary Funcrron (C.F.)

() Distinck reol roots: m,, m,, ...

CF = Cie™m™ i C Ty .

» My

CF = (C’. + Cox + Csxa 1o

(i) Complex rooks: o * jp

C.F. « &%° [(Cl cos Bx + Casinﬂ::)

+ x (Camﬁx 4 C‘si.n.ﬂx) * ..

Mg X
+C.e

(i) Repeated real rook: m (repeated r bimes)

g Crxar-l.) amE

(repaafg.d.rhmu)

——

ot (Ca__‘ cos Bx + Car s'.n.ﬂz)]

' C.F. contains n arbitrary constanks.

!
'

4. Particursr Inteerar (P.I.)

Method depends on Rix).

T

W If RG) = e P (x), where P(x) is &

polyjnamial cf degree N,
Trs PI. = x'eax Q,‘{x)

5. Generar Sorution

The 3¢.nu'ol solution. (G.5.) is

F;x) = EF ¥ P.I.—]

MQn(x)uuwmmLufd.arun|Ikmnwb&m‘acm¢nnh.

uﬂ.d.;umul.h'.pi.i.:kkﬁuflh\.A.E.

(i) If R{x) = sinax, cos ax

Try PI. = Acosax + B sin ax

(i) If Rix) = F (=) (polynomial)

Ty PL = Q. (x)
(W) If Rx) = €™ (Acosax + Bsinax)

Ty PI - x*e*™ (Acosax + Bsinox)

 S—

6. Inrriar Conprrions

7. ExameLe
2
‘Sd.m d'_!_z,ﬂ.;ZH-al
dx? dx
Sel :
AE: m*-3m+2=0w(m-1){m-2)
Rocts: m, =41, m, =2
CF = € e £ Con"
1 Rix) = e*,

Ifh\iklﬂlmdiﬁmnmamnkx-xc“

glxo) = yo. §lxo) = 4y, ¥ (xo) = ya, ..

substitute in G.5. ko find the constants.

‘-uH-C,sxq-C,: -

Tra PI. = xe.”
' L

Yp

Hp = e* + xe®,

Substitute in DE:

(26' + xe‘} = 3(&‘ + xex) + 2(:5‘) = e

ax x
xe

= e +e* + xe® = 2% + xe®

A =i (o rock of A.E. with mulbipliciey 1)

{True)

_J

. Al _— .
8 GATE Lever ProsLems
: d* 2 e d’y T 5 d*y d? dy iz P di 5
(Qsdn;i—ﬁﬁtoﬁsue* (u}Snlmm+4H-mix |(m)5olu;‘——3ﬁi2d—x-x (w)sduﬁ-i-i-—a-rﬁs-e cos X
Sal: Sel: Sel: Sel:
AE: m*-5m+6 «0a(m-2}m-3) AE: m+420 = m = *2j AE: m*-3m" +2m am(m-4)(m-2)=0/ AE: m®+dm+2-= (m+i)=+ i .0
Rocts: 2,3 CF = Clmat-ic,_l'\n:ﬂ Roots: O, 1,2 Reoks - -1z j
2% 3% g
S Frar et RED & o2 rassniincad | €B.n ) Cud®™w Bya™ CF o 87 (o2 st
R(x) = ¢ ; A =2 (a root) - |
K ey by Ty PI. = x(Acoslx s Baindx) | RGx) = x (polynomial of dagrea 1) | Rlx) = @ " cosx; A= -4, a-14
ry PI = xe A .
e - -1 rook | =1
Jdp' B g After substitubion, Ty PI « Ax+ B (-14+j) = a mulbiplicity

—

- . s - % - 4
3: 4 2:11 " aeix +4xe.11 e 432: +4x¢2‘ s % . Substibube: 0 - 3(0) + 2(A) = x Tra PI. xe (Amx + B mx)

» . T Aftar substibubion, A = =, B = 0
Substituke in DE: B m 5 ong e 2 =
(4&“ +dxe®™) - 5(e'™ + 2xe™) + 6(xe™) » e & z o P o % + B Floe % e conx
(4—546}:.”4{4—5)%“4:”'-oa“-eh/l it G, eagre HRB gt - ’

(B is absorbed in C,) g~ = (Cyconx + C,sinx)
3-Ce=*+Ca“+xaa* ¥ e x 2% X u®
i & ‘ |H-C‘+C,e + Cye +-;— | gy e
— e e - .

9. Suort TRicks 10. Common Mrstakes 41. Qurex Rererence Formuias 12. Kev Reminoers
v Write audliary equation correctly. ‘a‘ Forgetting mulbipliciby of roocts. # LDE with constant coefficients: ‘* P’“‘*““"‘"""‘P‘*"‘""‘d‘“‘!ﬁ'
¥ For rapacted rock of mulbiplicky v, X Wrong form of PI. (missing =), ™+ an g 4t agy = RG)

e

un_t""fmi.nr. | &
v For @™ term, f A is a rock of AE.

dﬂ\mdhpmlul,mumﬂﬁp.l_h&:l. %
V' Alwags check substibution.

Miskake in d-f-r«ruﬁuﬂlm.a sk ™" o -

Mok Wﬁ inibinl condibions mnqd:lﬂ_ %

. wmmhwm.l

cos  berms. s GS.:

AE.: n“m"+-n,"=m
y= CF + PL
Mo. of arbibrary constants = order of DE

"
"_"+..,+n°-0 *
*
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e e = —— ==,
[_i. Variation oF ParameTeErs 2. CaucHr-Euwer (Equarion Equarions 3. Bounpary -VaLue Prosiems (BVP)
| Consider the linear nom-homegenesus ODE A Couchy - Euler equakion. has the form, | A BWP for o second-order linear ODE:- |
§*+ plxdy’ + qlxdy = RGx) AT g g D 4"+ pldy’ + qldy = (), axx=h
Let y,(x), yolx) be bwo linearly independent
.Hl i x (a, b ore constanks) | HAancl ko bcmnd.o.r’a conditions
y" o+ plxdy” + glxly = O (i} Homogeneous equation: x“y" + axy’ + by = O yla) = =, yle) = B
Generol solubion is Ty 4y = =™ Solution Procedure :
= —— sh.t-l I:'.
rﬂ'csul“cgug*ap i orh B * Solve the differenbiol equabion to geb general
mim - + am + -
- : solubion. Y = CH + Ca + Yp-
Using variation of parometers, e =) w0 A wilinry equakion) e - "
o = wi Gy « wylxdyalx) Sy i * Apply boundary condibions to debermine C1 and Ca-
P ) Mor.- homogeneous equation: x~y” + axy +ba-R(x)
whers Uy, Uy sebisfy * Obtain the i solubion. sabisf the
: ! " Method : Solve Yo from auxiliary eguabion. prticide fuing
{ Yils * Yals Then find HF depending on the form of R{x) boundaries.
ulrﬁx’ x “:'Hz* = R(x) I R{x) = =x*, Note. :
Lak W oM -‘!:J 2 0 (Weonskian) Ty yp = Ax" (if k ix nok o root) * Boundary condibions are specified ob bwo
a3 s IfR(xj.z“mAka..am.*m{muLupmxur), different points (usunlly at % = & and x = b).
Then i R{x) i Ri{x}) % . 1
‘u.--u"T- u,-U'T‘ Ty gp = Ax"lnx Gf red) 'BV"T@WP’““-"“M
L ———~ = o g = Ax" (lnx)" Gf multiplicty i s ok
s -8 u.]'ﬁ’nu‘ ¢ Vs Sondisbise W 6 ned,
, R N L L R L R s o R R - defleckion of beams, etc.
- + -~ -
4, ExampLe = Variation of Parameters 5, Ewxameie - Cavcur-Euwen Eguarion 6. Examrie - Bounpary vaLue ProeLem
" = - . 5 Il e x ’t - I,
Solve 4" = y = &7 using variabion of paramesters. Solve. 4 3xy :"'H‘ Sulnasu-bg-o.o‘*‘“ﬂﬂbjﬂd-b
- " Homogeneous equabion: = Mo Bxy' 4+ 2y =0
Hurnnsnnmuq;n}.xm!a-g-o 4 R ©) = 0 tw) = O
i ; = Ausiliary: m{m-1) - 3m + 2= 0 Y )
Au:ul-nrt’ equalion: m* -1 = 0 =+ m = 21
| -+ m® - 4m 4+ 2 =0 General  solubion.
3,'5-"31'_: + me221 = mei,2 H-C‘mx-ﬁczdﬂx
€ L3 2
W= " w| = =2 Yo = Gix + Cyx
- Apply yl(0) = 0,
B i Sicw Rbed-won® a0 me: cosit (ma2Y of %
R(x) = & L mulbipliciby 1, C,ees0 + Cusin0 =0 = C =0
il o RE L € s | T - Ax?ln x
: W -2 3 T My Sa, y = G, sinx
R A0 - Compute : HP’ = A{2xlnx+ x)
' s L3 - " n
B T s T S Yo = Al2lnxs 3) Apply y(w) = 0O,
K o= .‘_'mb-hmh:TDE : C,sinm = 0 (satisfied for any C,)
u, = E. Wy = _T *3»'3‘:& "255'
X x4+ 3) - 3x(Ixlnx+x) ¢« 2xtlnx
T Al tzi:;n ) ; ( £ ) l: " ] P Earrobidiiatd s
Hp'“lal‘“‘zﬁa'ig —Te -T—T -A[:’.:; x o+ 3x* - Bx*lnx - 3x* & Ix Lnx]
s K 4R, B . : 1 yi) = C sinx
G 2 :H'Cl“*c“*‘-‘(i‘;) Seb aqual to x* = -2AxTlixomxt & A . -
4 = —%nlh\x {Trivial solukion H'O q].lesahi.l.fc.u}
General solubion: y = C,x + C,_xz - %x*h\.x
2 — - = 4
7. GATE Lever Proaiems " . !
() Solve y" s y = secx using () Sobe xPy” o 3xy's 2y = x (1) Sebm y7- 4y« o™, ylOd=t, y'O)=0 (i) Sebvu w'y"-my's y=0 1uxsa
3 Sol: Homagereous: m* =4 a0 = i
veriaion of " parsmta, 5. e #ne Y S A | sbject to yl1) =2, yile) =0
Sol: s = cos x + O, min x i d L - i &
4 G . = m®+2m+2=0 = m=-12i | B(x) = & (2 s o root, mulk. 1) Sol: mi{m-1) -me1e0 =+ m*-2msla0
Yy v ces =, My --w\.x. R{x) = secx - :—‘{{‘,.mlnx o aan dad) Ty oy » Axet® L ol i o
WiE e el RGds 2 (e, kel ndl a el e ) = [ SIS S ae s
g DR Ul e s e - Try 4 = Ax gio) =1 =+ C +C, = 1 y = (€, + Clnx) =
. W 'wm (2C, + 2AX + A) e - 20 ™"
Subatibube: =2(0) + 3x(A) + 2{Ax) == Y t a
u.’-ﬁ\%-mnmx-i i y'(0) =0 = 2C, +A-2C, =0 yii) = 2 =+ C =2
S5Ax = x = A « F : o 1= A
w = [-tonxde = In|cosx]| d Sob: €, = 122, ¢ - 222 G RGO WG v
upw [tdx == $* 8" u.:(iéﬁ)+s-2(-‘-;_§).-aa
Yp oy » uyy, v (lnjeosx) cosx o x sinx i 1 : 3=x(2—2|n.-x)-2:(l—l.ux)
y ) gy = —(Cemlnxs Coainlnx) s —x =+ A O o= G e g
= y= Coeosxs Cyanxe(lnicosx)econx s xsinx x 5
i L 3=
Therefore y = E-ea Ai—s
= — <= — — ¥ — —— — =
8. SHort Tricks | 9. Common Mistaxes 10. Qurex Rererence Formuias | 11, Kev Remmocers
¥ For variabion of paramatsrs, ¥  Forgelting mulbiplicity whils. * Varabion of Parameters: *  Master varlabion of porameters
compute. Wronskion carefully. - taking P.I. in Cauchy - Euler egna ik .'d.}“; a4 %JE for non-t DEs.,
v For Cauchy-Euler, aluags by yex™. ¥ Wrong compubabion of Wronakian. I Bl 4
v If Rix) = x* and k is rect (mulk r), ¥ Mot applying boundory condibions *  Couchy - Euler ouxiliary mim=-1)sam+b = 0 v B
use x* (lnx)” proparly in BVP « BVP: Agply gwven condibions o G.S, '
v Apply boundary condilions ys;?‘,.m“m -M:E'HG"'SF | % Practice BVF problema -
stap - by -sbap to avold errors, veary -gzu-(na'_
L | — — A J
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1. Formarion o PDEs

| 2, Oroer ano Decree of & PDE

3. STANDAF‘.D FORF‘S oF SECOND ORDER LINEAR PDES

s called a partial diffarential equation.
M_fm(bwmﬂuﬂ:l):

F (x, Y Z, P gu T, siky i) o= 0 ‘

| Ordac: Tha order of the higheat order partial

Degres: The degres of the highest ordaer
Parudduiwhanuhu\hPDEhpulwwm&ul
| in the derivabives.

A second-crder
e

mm

linear PDE in two variables:

+ 2Bz, + Ca,, + Dz, + Ez, + F2 =G |

Classificabion. bassd on B® - AC

— () Ellptic B* - AC < ©
bhars, 3 3 Examples: Example L 0 (anlna'l aqu.ﬂ.han.)
- - = = B W ,,,)i = 0
= 1(1,5), P ax " 35 3 z #* Z‘H () Parabolic - Bz - AC = O
Order = 2, D-ar-l. = 2
azz azz azz Emmpl..: Zo.* '-".z:“s =0 or z .= 0 (Heat -q.unhm)
r= g = R = i G =, + sz )s + z = 0 o
ax? 3:83 aua = (i) Hyperbelic - B® - AC > 0O
Order = 2, = 3 X
: Pgyras Example: 2., - 24, = 0 (Wave equabion)
W R Gi) z,, + sinlz,,) + z, = 0 —h'_rut,,__ _cw_“-,,. E _E’“"“P"_ i
. . Order = 2, Degres is not defined Elliptic B*-AC<0 z,, + 2, = 0
(i) XE L F 27:5 Tey tH Zyy = 0
(not polynomial in derivabives) Parobolic B*-AC=0 z,, = 0
=
i)z, ¢ 2y -3z = e Hyperbolic B - AC >0 2, -2y, =0

Yox
4, SEPARAT!DN oF VAHIAaL,F,s i GF,NEHAL IUEA

—

5. Sowutron o X" - AX = 0

b

7. GeneraL

SoLution BY SEPARATION

Assume. sclubion of the form G IfA=0: X' a0 = XuoA+hAx| Ay} = HEDFCD
z(x,y) = X(x) Y(y) Y TE AscktaDl XX -0 Lok NS A& § O ARIAB s Bl
¥ 1 2 1 2
Substibute into PDE and separate voricbles so thak - X o= AR e A e i
m-ﬁuﬁmhm#:wdﬂw&wuﬁmof{)l i " i Let A = k™ > O:
Lid. An =k < 0: ek = 0
y only. Both sides must be equal ks o constant (xA). f I z-(ﬁ..lckld-ﬁ.: %) (B|:u|=.u + B, sin ky)
Example: =+ X = A coshkx + A, sin kx
Selia z,, + z,, = O p—————— — ~ Lat A = -k? < O:
i X 0) Yl 6. Sowution oF YY" + AY = 0 |
% L 3 (Q If A=0 ¥ B, + B L {'A|“°‘l‘" + Ay sin kx) (Bn‘k! + By *_Iw)
- X"Y &+ XY" = 0 f : “ B 2 Y4
A SO W IfA=k*>0 Y'+k'Y -0
X v Ganarel solubion s obtainad by asuperpadibion
P il # e Boakyy B,y (integral/series over A).
x ¥ a o 2
(i) Tf A = =k < 0: ¥ - k*¥ =« O
W X~ AN = O Y 4 A = 0O & g
| 1 = Y -_ B, 1" + Ezu W .L | J
8. ExampLes
() Solva =z, =+ Zyy = © (i) Selve =z, = O |(L'-13 Selve z,, -z, = 0 Common Prysicar PDEs
Sl | Sek: Sab: :
Lat 2 = X(x) Y(y) Let = = X(=) Y(y) Let = = X(x)Y(y) * Laplace's equation (ataady state)
-o)("v.xv“.-u-.’;.."T.; - XY a0 = X"a0 -x"'r_xv'-.o-..’%.né.;. 2y v Eyy = O
t = k* - = x - -
Case 3 A= k250 | ey AL Sl i, Heok equation (1-D stmady)
C:.- [:,; +::a.¢0 ) (B, cosky + B, sinky) z = (A, + Agx) Yiy) = (Age*™ + A, «™*) (B, ' + B, &) 2, =0
: - -k* < L 1
e ﬂA‘mI:x - A,mkx) (B‘ LN B:'_h’) Substibute in PDE: Cas B Hea k2 <0 = Wowe eguokion in 2-D
Casa 3: k= O ) S8R BT DR WIS | e s k) By s B siechig) o

z = (A + A x) (B, » By
Generol solubion =

9. Gate Lever Prosrems
# 0 auch that

z,.(0, y) = O.

(i) Solws 2z, + =z

=

L]
20, y) = wn oy,

E:

Using separation. with A = k¥ > O

2w (A coshkx + B ainhkx) (C casky + D sin ky)

From 2(0.y) msing = AC cosky + ADuinky = siny

- C=0, D= 2

A
From z,(Oy)l = 0 = BCcosky o« BDainky =0
= B=0
f4
4

- AC=0, AD=1

o ] S

sink k) ain ky
Superposition. = = = .‘E..:, %lﬂ'n}\-%)ﬂr\r\s

10. SHort Tricks

= Y =B + By
z = [A‘ -rh?xj (B‘ * B::ﬂ

(i) Selve 2, = 0, 0% x5 a,
=(0, y) = §y).

Sel:

z = (A + ﬂ,z)‘f’fs)

From 2(0,4) = fly) = A, ¥ = f(y)

From z{a,yd = 0 = (A, + Ala)Y = O

A e Ao =0 = Az"%"

z(a, yl = O,

-

- z-A(‘l— })‘!’Cs}

Generol solubion. depends on Y(HJ.

T

11. Common Mistakes

Cose 3: A= 0
z = (A + A x) (B,y +« B,)

(i) Sclwe B — By =0, Osx,ysl,
2, 0) = 2lx; LY = O
20, y4) = §ly)., =z (L. y) =0
Sel {using A = -k* < 0):
2= (A coskx + B sin kx) (C e + De™)
From z{x.0)= 0 = C+D=0 = D=-C
From z{x,L) = 0 = Cle™ - ™ )20 = C=0

(Trivial unleas apecific BCa lead to discrabe k)
%mﬁc:hwkb%.dﬁ.

) oo (224

-tu.nnrminm(-—-—- T

L

T

12. Qurck Rererence FormuLas

() Sobve 2, +2,, *Qin0<x<a,0<y<h,
2(0,y) = 2z(a, y) = 2(x,0) = O,
z(=, b)) = -Ffz)

Sel

= ) nx _ [nx=
z = ,.g, Ahn\h(—aa]m(T)

Use z{x,b) = {{x) =

f) = 5 A e (P22 n (222)
An s (Zann (22 [7 fodan ("2Z) ax

v Assume z = XK(x)Y¥(y) for linear PDEa ® Forgetting nogobive slgn in soporokion - x;c)A,YT”--A for x 42, =0 |*Uml-n.l-.nnd.pd\.uum.l.mu:un5

' Separake variobles to get ODEs. (K‘I,‘%-—%:forfjig\PDE}. s B B pronsesgn (Laplacs, Heat, Wave)

v Sab sach sids = constank (%1) X Misng A ® O case . xx"-;-:x-A.A, oL # Practice boundary-vaiue probleme

' Chack all thras comas A>0, A= 0, €0, | # Mot applying bouidary condiblona preperly | b ameva -lml.,:m.orl.h‘ |:®mh:w“sl£m

R I S S N o v X VWhong dassifieation (BY = AC wgn). el L T : Mmﬁ f;:"fm&

. ’ A 4 |
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1.

A complex number z s writben os

ComeLex Numeers - Review | 2. Fumcrions oF CompLex VaRIABLE
| Let w = f(:} = u.(‘&.:j)‘ + LV{:’-.&J

z -y ‘ where u[ar.,H). v(z,ld) are real valued

——

Y

3. Compiex Drrrenestrapiirry — Anacrtic Funerrons
.i\ﬁamhmf(z)ulﬂadhbeunﬂlﬂhr.farﬂedﬂr)d
xy q.f f'{zDJ exisks

- unchions and y, with = xoe iy, I (z) - flz,)
where x,y €R, i=+-1, *=-1 # Bl R v e filz,) = u
Limit: f is soid to be defined (or has limit L) __“"_‘o_z’_z_
Z o= x-iy (complex conjugate) at z, if z_l:-": flz) = L exiats. i analihe i & domein Dl U ) astils o
= 5 ikl evary = B,
I=I o Ha ¢ ) CM I u ond v howe continuous firak e
Note: Every analybic funchion iz infinitely

Arg(z) = hnn"(

) (principal. value)

partiol derivabives in a neighbourhood of =z,

differentiable in D,

and f is analybtic ok z, = { is conbinuous obz,.
Rt = 3 & i
4, Cauerry - Riemann Eguartons (C-R) 5. Anawvrrerry Test (Pracriear Cheex) 6. Harmonice Functions
I flz) = wley) + iv(xy) is onalybic ok T=x+iy, | To test flz) = w+ v for analybieily in o regien: A real-volued funchion $(x.y) s harmonic in o region
then u and v sabisfy the C-R equations: if & sobiafies Loploce’ s equabion:
- & : = = e 1. Compute wu,, By Vxo Yy
Uy = vy |u.=:{-—\.r,L |_T?_2 Ol
_ T e = 2. Check C-R equakions: Py vy LI "55 =
r 4 i 4 3. meB eankinuity O‘F Mexp Hyr Yao v,‘:l If f(z) - W+ iv s u.n.ﬂ.LHtM.. than
Convarse  (sufficient condition) SRl —_—— = oo -
T u,. uy, vy, vy are conbinusus in a region and u,‘,iuua-() "**“'u'o
sabiafy C=R equakions there, then f(z) i anolybic If oll ore sobisfied =+ ffz} s analytic. e T ki —_— T
tn that o tr_,bnl.lmuund.uuruh.nmm.i.:fund‘m;
4 + —
7. ProeerTies or Awnavvrie Fusctions 8. Evemewtamy Anawrmic Fuwctrons 9. ConrFormar (AncLe - Preserving) Marping
¥ Analgtic = infinitely differentiable. ¢ Bwdluk:. fix) =k i i ¥ w = flz)} s analytic and f'(z) # 0 in a region,
o Ddentity: flz) = = (fiz) = 1)
ek H‘Pm e o Ty Phnl. i e # Power: ff.z} - z.’ C‘F'(a) -, n-z"_l) then. f = :nnfurm.nl. in. that "3“‘"-
V  Tiioe wew wolabeel. vinlaas FEE) W0, " . A
f - Expan.nn.th f{:} L3 {f f:.) e } M ) . nn-ghu L2
v If f and g are analgtic = fis_fs,iﬁs.noj » Trigonometric: . .
g eéz -c._;‘ & T 4 gt curims ob Kk PnLnJ‘..
are analigie. sz = Fy cosz = A
¥ If { i cnelgic and g'le) = f(z) = g i« analpic. = Logarithm (principal): (It may change lengths bub not local shape
Logz = Inlzl + iArgz (-m<Argz s n) = -nngl-u}
L L i —— 4
10. ExamPies

(i) Show that flz) = 2¥

s analybic () Show that f(z) = &* & analybc,

(i) Shews that u = x* - y? s harmonic.

(iv) Show that flz) » T i nok analybic

Lek 2 » s o iy = flz) » (x*-4*) o i(2xy) flz) = «* " w0 e*(eony + Lainy) a( : 3( ) flz) = x-iy = u=x., w=-y
u,, = —(2x) =2 = Z(-2y)=-2
webogh L w2y w s oefoamy . v o etany i A gy up o, ug =0, vy =0, wvye-1
= 2x, uy w2y, vew 2y, vy o= 2x u, o efeony . w, o+ -efuny Uen ¢ g w2 ¥ (22) =0 womvy 7 (4e-1) x
- i - %
Chack: w, = vy (2% = 2x), uy = -, (-2y=-2y) ey My Somoeomy PR s C-R eguobions nol sobisfied.
Check: w, = v, , w, = -v :
. o ’ W g ] o b Henze, not analytic.
: = Anaolytic svergwhars,
b . 4
11. Important ConrFormaL TrRanSFORMATIONS
) e e @) weke (k#0) @) w2 G et ) o o DO
z=-hb
+ Tranalation * Sealing by [kl + Lumesion o unik eircle » Sejiceds (icelutas Mope clrdafline to
Shufts figure by vedor e 'Emw*sk + Inside = Outside + Doubles argument 3

* Angls pressrving

If k= , we rze'? (Mébius bransformation)
v
1 .
l/ b’ )_' i [/ [ (>
7] 4 V = |
b 1 |
12. Harmonee Conausare 13. Common MIEI‘MI:S 14. Qurex REFERENCE ForeuLas 15. Kev Rermoers
Yz S ste & funcion ¥ | ¥ Forgelling conbinuily of partiol derwelives | ® C-Re w, = owy . dy = - v, * Anclyic = C-R sgre o continily
fcallad harmonic congugabe) such thak et R
7 e T ! o Harmomia: ey sy, = O . Vaw * ¥y = O | % Relonalghic) & Imfanelgtic) are harmenic
o I ¥ Chacking C-R aguobiona only ob o point,
Than flz) & we iv b analyic net in o reglan. AR, B e Fandih | W RSO | g e
Harmonic conjugole s determined up to ¥ Pamuming differenliobility withoul dhaching 4 # Proclica mapping problems for batter
an  meldibion: skt C-R anpuationa. * lleg=) = — (20 0) i

, -

SA

R TUTORIAL ACADEMY Hvoerasap

Learn Tnd.nﬁl Lead Tomorrous

DREAM | PLAN | PREPARE

SUCCEED



GATE 2027 ECE  Encmvesrine Marvemarcs @ﬂ

X
SAR

TUTORIAL ACADEMY
= Learn Todoy, Lead Tomorrow -

CoMPLEX INTEGRATION
Ca.u.chH’s In.l:.eﬂrﬂi. Theorem, Cﬂ.uchH's Inbe;arol Formula, ‘

Iaﬂl,or' & Lauwrent Series

| (
S

9908117369
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L

|

IN'l'RDDLIC'ﬂION

r
: |
If flz) = ulx,y) + ivlx.y) = conbinuous on
a simple clossd conlour C, then

COMF‘LEX INTEORATION -

I £z) dz = j (u o+ i) (dx + Ldy)
(] (o

= I (wdx - vdy) +1‘.L (vdx + udy)
c

C s positively oriented if troversed
countar =clockwise .
Cauchy=Gouraak theorem
If flz) s enalypic in o simply connecked
domain D, than [ f(z) dz = O for any
cloaed contowr C in D,

b

4. ImMEDTATE
dz

Resuwrs rrom C.I.F

/§ —_— o 2wl
c T
f§ _ & .8 s
c (z-z)"
|\/§£dx-2wlf(zo]
C E-I,
.fﬁ:{(z)dz-o (f =z, s outside C)
L o4

(C positively oriented simple closed contour)

L

—

—t

2. Cauvchr's Intecrar Teeorem (C.IT.)

3. Cauvcur's Intesrar Formura (C.I.F.)

CONTACT US

—
— ]

|Iff(=3um!.5mmu.ﬂ+\pl5wwmhd.n5w10,|If{(:)uandgtmmw;d.w;d-.nmﬁnm ‘

then for any closed contouwr C lying entirely in O,

‘Lf(z)dz.oli

Qmmmu :

closed path in D & zero

¥  The integral belween bwo poinks is independent

5. ExamPues - Usna C.IT & CIF

{i) Evaluate i: ;‘12- Ci jJz-2|= 3
=
Fole z, = 2 (s inside C
§ de = 2w
c x=2
dz
iy e - : i
w 1 §C ey Cilele 2
Polea: O (insida), 1 (inaide)
Res - S — - =
z=0 =0 x=1
Raes = lm 1 =1
=1 =8 T
5& L e e L
c z(z-1)
=
(i) | Evaluicke §C ‘14:. C: |z|= 2
s
Pole at == 1 C(inaicde)
f = dr = Swiae' = wie
e ==1

contowr C and z; les insde C, then

| feo) = o § L. PR ‘
i Jo 2=z,
General form:
PO R . e
kst

Criw OA 2500000

L J_

TavLor Semes

€.
If flz) is analytic ok z,, then ik can be expressed
as o Taylor series about z, in some neighbourhood

oo {{nl(zo} = .
| flzg) = ,\Z.D T (z~2)
where
[ _F{"\} ('&oj - L! 7£(c}
2nt o (g -z,)""

Radius of convergence R = distance from z,
to the neorest singularity of f(z).

| 2

| ? EKAMF‘LES - TAYL,CIR SERIES 8 b LAUREN‘r SF.RIEE 9 E XAaMPLES - I_AIJRENT SE'F!IES
) Find the Toylor series of «® about z, = 0. | If flz) & analypie in an annulus () Find Laurent series of = about z, = O. ‘
z
e’ = = 1 + z + z.a - .za + | R’ = |= E; =0| * Ral fix) = l = ; - i
=, onl 2 al = . = 7-06 =
R = « {erkire fm) 'F(z) i E a, (z- z,,) (Lourent series i only one term.)
| Pm—oo :
(i) Find Toglor sariss of —>— obout z, = O = = Region: 05 =l .00
| oy T )_-: ~ Z b b
1 = = a, (z- z,) 4+ T T (i} Find Lewrent series of obout =z, = 0,
(] = Z S R e T . T, me =1 (z=2y) z -1
1-=z o e Loy = -1 = E -
lz] < 1 —+ R =1 1 F2) z=-1 1=z o
i aaE =l (n 2 0}
(i) Find Toylor series of sinz obouk z, = O, B 2wl f: (k- 2.3 = -1 -2 - 2% - 2¥-., [zl
o Zn-i (i) Find Lowenk series of T about z, = 0
| anz = Yy (-1)" bl B w _1.. f FEEY (g = 20" Ak (n= 1) 2(z - 1)
ol (2n + 1)1 ami Jg 1 R - 1
a [ z=(z - 1) = 1~z
i oo R 2 , R=o C: any cirde with R, <|z-2| <R, s
1 n
; al 51 . i S s-i.F S okl J
: I=H 0
10, ReLarionsurr Berwesn Sentes 11. Resmue (Coerrrczent oe 1/(z - z,)) 12 Exameie - Resmue & Resa. Intecrar
* Taylor sariss o o speciol case of Lawrsnk ssries (e e ak than g = dx ‘
whan the function ia analytic at z, (ie., no UL Fe 1_ z B 3 J‘_m .
poles at x,). Res flz) = b, = Lm (z-z,)f(z) | 1 1
¢ Laurent serias s ussful whan f(z) has isslated iy = — Connider  f(z) = = C-isD
¥ P Genarally,
* Pr L e s :(,) Pole ot z = i in upper half plane.
Principal part of Laurent serima: flz) = ¥ " Plz,) = 0, ¢'(z,) # 0 A §
3 k. 5 Res f{z) » lim (z=-1) —— = —
| L . £ s x z L
El oot (aimple pole) =i f z =i (£ -Dle+i) 2
ilae s z,
4 o Faes ™ e Res flz) = L o) &y 4 ‘
E-_ a, (z- l,}h ®" % § =) -[- = = 2wi (-—-) = T
ne=g L | o3
(Residues are widely used in evaluoking real Iﬂbng\nh) |
o _——— .
13. Sworr Tricks 14. Common Mistaxes 15. Qurex Rererence FormuLas 16, Kev Remmoers
| o Blorcge chack cmlgticity of 00 beforn | ¥ Appiging €T, whars flincon. i not |-§=f(x}d.z-0{CI.T.J P
using CIT o CIF anolytic ineida C 1 fe) gl
¥ For CLF, wneurs 2 i vwide C X Forgatting oelentolion of conkour. |- “"‘)'Emi ."'__,nd" (CIF) % CILT = inagal swr closed path = O,
¥ To find Taglor series, use deriaties X Choosing wrong rodius/region. for seriss. PO L il £ _ e * CIF = value of funchion wa conbour
kg 2mi [
*  Ignoring while wsing Laurent X . ]
¥ T find Lousrent saries, snpand in G e = Fa) . . Toglar 7 e e B |
subable region (annulue). i ; ¥ Ty E, al (nene) * Lourent serisa =+ in annulis.
v Rasidus aob simple pole =+ faab g S'T i3 & ]
A e Lauwrent: R #*  Proclics residue problams regularly

to ewvoluate recl intagrols!

L ;3
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Resipue THEOREM & ConTour INTEGRALS|
RE&U:LI.I.E& PGI.E.& Evaluation c:rF Contour L‘\.I'.eﬂr‘u.j.s “
and GATE Pr‘obLe.m.s.

=

1. Pores or a Fumncrion
| A point z, is a pole of f(z) if f(z) is not analgic | I flz) has o pole
ql.zobuh(z—::)ffz)uwwlghsalzawd of fa z, is
(z - 2,)§(z,) # 0.

Order of pole (m) smallest positive inkeger m
such. that (z - 2,)™ f(2) s enalyhe at z,
and (z - =z,)" f(z,) ¢ O.

Simple pole: Order = 1

Higher order pole : Order > 1

Essentiol singularity : not o pole.

HRquz}

2. Resmue oF a Funcrion

m=1)! Zmzg

For simple pole (m = 1):

Res(f, z5) = lm (z - z,)f(z)

3. Resmue Theorem

ofmmnxze,uunu_mJIf‘F[z)_ i e et ek O fir

isolobed. singuloribies z,,z2,,...,2, inside o
e | | posibively orianted simple closed contour C ljing
— [E-=@)| | w0, then

f(z) dz = 2mi ) Res(f,z,)
k=1

A

|
—

5. Common
|

=
4. Ewaruarron o Cowtour Intecrars

Step 1. Identify singular points of f(z)

Conrounrs

) Goola: Jz-al=r

zazg lIfrmd.n.sn.nlnnhuuu.ud.l.C-*Inhsml-O
6. Ker FormuLas
(i) Circla cantared, () Kaphals, combour | Plx)
el ki R () e o e of Q0
lfq(z)-[) QE!)‘O{W‘M‘)M

Step 2. Debermine which singularities lie inside C.
shpa' Fu\&mdumpurh ‘
Step 4 Apply Residue Theorem.

Mote: Orientation makbers (clockuwine = -2wi). ‘

I -

P

a"“‘)

Py |

Pa¥)
. ' nu(
: "prolnefor&nrmmaenﬁnlfoﬂ*uh[ﬁu2)

. &mafmlidun(nduduga}.w)ao

(Residue ok oo = - § residues ab finite poles)

— —_— —4
7. ExampLes - Evaiuvate Usme Resmue TheEorRem
|
dz d dz e
&) () =t () —— (is) i 2 4, where C: a2l =t
g == | vz Zrd | [5]-3 (z=-1)(=z-2) z
| Pole ot z =1 (aimple) lis insida 2] = 2. Poles: z = i, =i (simple), both inside. Poles: =z » 1,2 (simple) inside. Fole ok z = O of order 2.
3 3 z 1 i i d 5 e
Res = lim (z- =1 | Al et Lo el bt o~ R“-z-h”:’a;[z F)
2
Rasak g muips L. Res at =z =2 ;-1 w lim e® = 1
z-i 2 2 2-1 -
Tnagral = 2mi(4) = 2mi £ T
Sox s 0 = Ir\hsrvj. = Sum = O - In.l:‘.sl-nl. - 0 Inhﬂru.l. = 2mif1) = 2w
[ —— . it erraimte el W o - — —
8. GATE Lever ProeLems I
2“1 : x
() Evaliusiié & (i) Bvoluiat : G Etiae & =8 &, el Bl OB
| =1 zl{z-1) aj=a lz-1)z-2)=z-3) ‘ [ TR ‘ 3.2 zlz -2)=z-3)
where C: |z| =5 ; -
Poles: z= 0,1 (simple). Tnside [2] =4 | Polas: 1,2,3 Caimple). Inside: 1,2 draida: 220 fenli 20
Pole at z = 7 (insde). ; e*
only =z =0 R Rl W umém
5 (-1)(-2) Res = Llim (z-ﬁ) -u'n.'rl-l0-| = : * _1
Res b xa0: Lim — 5 S5 B T
z-0 z-1 Res ok 2=2; Tea ‘ -2)-3) 6 |
- i i
| = Integral = 2mi(-1) = -2wi Sum = -4 = Intagral = 2wi(~4) = -Bni| = Integral = O = Iﬂhaml- 2mi [g] ~
 E— S = — — el — = e —
9, Reswous at InFinery 10, Tmn.on Semies 11, Laurewt Series 12. Usinve Laurewt Sentes (for integeals)
|
¥ flz) L O 3 P XL A A g < E < n
§ fle) ban: polas the finite | If f{z) analybc ab 2, | If flz) analyic in R, < |z - z,| R,_.l I fle) = Z st w P w

plans and f() = O, than
‘Ru{f.uﬂ - - Z Res(f, z,)

k=i

N.m..._ il |quw-mﬁm:¢
§ flz)dz = -2miRes(f, =), where nesredt sngulardy
Cr

Gas
L

flz) = Z F (z0) (z - 2,)"

n=o n!

Iz] = R (R large) positivaly orianked.

13, Sworr Tricks 14. Common Mistakes

v For simpls pols ok x,,
lim (z = z5)flz).

x Fm?.ﬂ.m.apd.-na}.a\yatl-f}}.

Res =

Fati #  Including poles on tha contour (ot allowed)
¥ For standard ferma, fackor quickly ko X Wrong ordar of pola
Lecoks. polea
V' Chack whidh polie e iaida contoie |x Algebra mistakes in residus colculobion
¥ Sum residues only of enclosed pales. % Orienbobion wgn mistokes.
v

Be careful with orantabion. l

SAR TUTORIAL ACADEMY Hvoerasan

Learn Today, Lead Tomorrows

R, s440e8

ke | Principal. part: i a,lz - z,)" |

ne-oe

= |z =-2,] = Ry, bhen

$

IS=24i-r

(whare R, < r < R;)

B0

o

ne= —oa

flz) = a,lz=-2z,)0" R,

|
flzlde = 2mia_y
= -8

(terma with negative powers)

T

16, Kev Rerunpers

|* Raslduss eonvert tough intagrals inke

15. Quick Rererence FormuLas

« CIT i: flzlde = © tmms.uum.d.nnnd

* Res Theorwm § flxdde = 2n0 3 Res

* Find poles = pick inaids = compube
¢ Ran/rpih RudChingkiv M Gnrag)ife) M 4 rltighy iy B
» Raa (ordar m) < L [{1_‘ 3= f{t}] Taylor serims: for regular points.
{m- 1) z-z, dz™" dz™t
# Louwrent seriss: for singular points.
- apfz - 2,)" dz = Imia_
5— ngler Z % i * Proctice GATE probleme daily!
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PROBABILITY & STATISTICS
Pr-c:bubdihs, Conditional Pmbn.bd;.&.s Random Variables, ||
Mea.r\. Median, Mode, Variance & Standard Deviation
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1. Basic Prossoniry 2. Cownorrronsr Prossar ity

| * Sample space © S = set of all possible cubcomes | If P(B) > O, the conditional probahiliby

® Evant : A C S °'F"°‘E“"“B“-
- A -
ﬁbbulnl.uh‘,wfm.w& P(AnB)

n(A) | PRAIBY « S

A) =
IP() S |
s 0 s P(A) s 1 * PLA N B) = P(AIB) P(B) = P(BIA) P(A)
* P(S) =1, P@B) =0 * Law of total probabiliby :
* If A and B are mubually exclusive, If {B,, Bs,.... B.} ix o partition of S
P{A UB) = P(A) + P(B) than

* If A and B ore indapendent,

BB s e ‘ P(A) = 3 P(AIB,) P(B;)

=1

A

- ___\

3, BA.YES

‘If{B,_.BE ,,,,, B,‘]'i_tnpaﬂihmbfs |
with P(B;) > 0, then

TH'EOREM

PCAIB,) P(B,)
i P(AIB,) P(B,)

=1

P(B.IA) =

k=1,2,..;,n) |

—— — + =

4., Rawnpom VarrapLes 5. Discrete Rampom Varissre

lﬁmﬂdﬁnmﬁh&Xhamﬂl-wfm|P"ﬂhﬂbﬂﬂﬁme{pmf)?

defined on sample space 5. plx) = P(X = x)

| Types : Propsrtics :

e e e ] o O T & pl=)=z0 for all =

(i) Continuous rondom vaorinble - any value in an i) ip{xj-i (s=um over all x)
inkarval o

il e

F. Mamiemaricar Exeecrarion (Meaw) | 8. Vamzance & Smanpaso Deviarzon

6. Cowmrmuous Ranoom Vamras e

| Probability danaily funstion (pdf) : f(x) 2 0 |
J' Flxd dxe = 4

Pla<s X sh) = J f(x) d=

1 S

9. Common DistRIBuTIONS

(i) Discrete : p = E[X] = i x p{x) | () Varianee : o? = Var(X) = E[(X - u)?] ‘ . Dhiatribitasn | pof 4 pef Mm Cuak I‘d’nrwm (a’)s
oo (i) Stondard deviation o = 4 Var(X) m g _-__ S | ¥ 1
(i) Continueus ©  p = E[X] = J’ =f(x) dx _ | Bosstily) | POG<MepibXapiitop | p | ptied |
- : & ‘ Binomialln.p) | P{X = k) (c"'} )‘“ | (1 =pd
Brepactios > (x = W plx) s o i npli-p
® Efc] = ¢ For Continuous e L]
fl | o= Poisnent’) | P{X=k) = 2 | A | A
* E[aX +b)] = a E[X] + b ot = J (o = p)® fo) dax jis . |
g B |
« E[X + ¥] = E[X] + E[Y] b, iy I
Bropatiss : Var(aX + B) = a2 Var(X) ‘ PR T B
l |
- =i | Al = =
1D MEA::'U“E& oF CENTHAL TENDENCY 11. REL“T].DNSHIF‘E
1 ; (i) Mode
@ Maan (Arithmatic Mean) Ly ke ok |-vMum5.ao. |
Fu-rd.o,tn.x,.x,,....x,, g oatain 3 i IFu- h:ntn : L |
i _-1 n i * If n ia odd : Madian = x,( ) X - I-F k ia comakank,
Lk ¥
£ ; - = il sy BB L E[kX] = k E[X]. Var(kX) = k? VartX)
- — | " (zfl_fo_fk o P i i N
For fmqu..nz.a diatribubion *If n is even e
| whars L = lowar limit of modal claar. VarlX # ¥) « VarlX) + Var(Y)
h = closs width, f, = freq. of modal class,
% Median = z

) Z-_f.x. ' " Tt
25 b

p— e —

12. ExampiLes (Qumx Revision)

() A foir dia i thrown
Find Plodd muwmber). | Find Plat least one head). |
S= {1.2,3,4,5,6} S= {HH, HT, TH. TT} | P(A N B) = 0.2,
A= {1,3,5} A= {HH, HT, TH} Find P(AIB).

(i) Two colns are tossed (il) Two everis A and B with

PCAIB) = = 0.4

3
P(A) = =
(Al Y | ! |

P{AY =

bl

3
&

— =114

= B =

GATE Leve. Pracrice Guesrioss

-

13. GATE Leve. Pracries Questions 14

QL. T ek A and (B e siuchi thiak lu4.rfx~Pm{).)..}.u...M

P(A) = 0.6, P(B) = 0.5,

e —

15. Sworr Tricks

2 fo = freq. of F"m‘ﬂ class,
Lfa = freg. of succssding class.

Gl If X ~ Binln,p) (v) Data : 2, 4, 4, 6, 8, 10

Find E[X] and Var{X), | Mean = 3_5“: - B.6F
. = | MaaEx e féﬁ -5
E[X] = np |
Mode = 4
Var({X) = npl1 - p)| Vi - & 29

Std, Dev. = 2.49
-~ —
16. Kev Reminpers

v Fer mubually exclusive svents, % Prochice formulos daily.
PlAY = 0.6, P(B) = 0.7, P{A " B)= 0.3, E[X] = A and Var({X) = A PCAUB) - PCA) + PCB) & i
Find P(A U B). . ) :
e A #iihaacipdf v P ndagandat sk, % Solve GATE PYQs on Probability &

Q2. Three ewents E, F, G are mubuolly exclusive
with P(E) « 0.2, P(F)= 0.5, P{G)= 0.3,
Find P(G | (E u F)).

P {2:, O<x=1
Q, otharuwise

Find P(; X < -3-). E[X]. Var(x).
Q3. A bog contsine 5 red and 3 blue balls
Two balls are drawn without replocement. | Q6.

Find Plboth red).

For data : 3, 3, 4, 4, 4,5, #, 9

N RN K

Finel mann, median, mods ond wvorianee.

2440
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P(A m B) = P(A) P(B)
Mean is sensibive to adreme volues g

Madion s positional
Mode is most freguent wolue
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Larger wvorlonce =+ more spread
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L

L_ + 410 O!‘I.Sl.l’\.cd. GATE-Level MCQs with Solutions

2
1. Bmiomar Drsmmisurion

-

2. Poisson Distrisution 3. MNoama. Dismemsurion

—

SampLivg & Sameumnc Drstrisution

Mumber of X in n independent. MNumber of in o foed interual Continunus r.v. with ball=shaped curve. -WW-M.M-FR
Barnoulli triols (probobiiby of succass = p)  of tme/space with mean A. X~ Np, «2) L
X ~ Bln, p) X ~ P(X) i . G G i
flx) = e 20f |, -w<x<o| | E[R]
= ) = . .
P(x'k)'(J s | | Bexe = 22 . M- :
=
. = 4 kL « Mean () = 4 . Var(X) =
T v T e Vartarcs B
n Gl T, . {o?) = o2
Mean (p) = np e Standard formi Z = .._-B" ~ N(O,1) * If population s normal, than
Maan (p) = A

*

Pla<X <b) = ¢(""—") —¢(
o

Emplrical. rula:

PUX-pl < o) = D.6B26

PUX-p] 520) = 0.9544

PUIX-u| 5 30) = 0.9073

Varionee {%) = np(1-p)

Varianee (o?) = A
o = ﬁ

Standard. Deviation. (e) = an{i-p)

a p

o

)

e (%)

By CLT: for large n, X approx N(p, "_:)

= L —
5. CorreLaTion 6. SimpLe Linear Resressron 7. Important Fomrmura Sweeer B. Suorr Tricks
Moanurss atrangth & direction of lnecr Model Y = a+ bX + € o Coul(X®,¥) = E[{(X = p WY = p, )] = E[XY] = p,op, B R B : P(K.- k.-_l) r_L—l( P
relotionship bebuwean X and Y Cov(X, ) (ﬁ) . VarlX) « E[XP] - (E[X])? P({X = k) k+11-p
S ————————— r
Population. correlation. coefficiant (p) Var(X) Ty P(H = k+1) A
_ . e E[aX +b] = aE[X] + b ¥ For Poison Eea k) ket
Cov(X, Y) a=Y - bX R O
P e e L v For Mormol: 68-95-99.7 Rule
L9 | Ragression bine of Y on X
i_ . ¢ For independant X, ¥: Var(X +¥) = Var{X) + Var(Y} v If X = Nla o). O,
<4 s pad Y = a+ bX 2 2.2
| lI.fK-N{p,tr},l.h-nu)(ab"NEnp‘h.no') o s dl-2] = 1 - &ilz)
= 1 wck  ponitive Rngcmm Lirs. Xoan Y W o- g
e g — = : s Z - B + X e psol Jhrﬂy‘lmhmlnlnrud.ul(x.v)
pw-1i : Pafak nagative [ % « «wbiv | k
L s P(Z gz} = d(z), P(Z>z)=1-D(z) v If p =0 = linas are perpandiculor
p=0 Me lnear correlation tl' " B ( 2) A i‘ b"_f
T = o pl-z) = 1 - P2) ®(0) = 0.5 v Writs formulon firsb, then subnsbilute
_ —_— i —— — i —_ _
9. Common GATE Mistakes 10. 10 Oricmar. GATE-Lever MCQs witd Detaneo SoLutions
—_—

X Forgatling condilisna of distrilnlions .
Q1. I X ~ B(10, 0.3), find P(X 2 4). | G2 If X = P(3), find P(X = 2). Q3 If X ~ N(S0, 16), find P(46 < X < 54)
X Unng o inatand of @ in formalns. |
X Wrong aslaction. of n and p in Binsmial | ta) 0:3821 (B) 0.6179 (A) 0.1494 (B) 0.2240 (A) 0.3829 (B) D.6&B26
|
I P W (C) 0.6778 (D) 0.3222 (C) 0.2986 (D) 0.3369 (C) 0.9544 (O} 0.9973
¥ -850
X Mol standardising i Mormal problema, | Soli P(X 2 4) = 4 - P(X £ 3) S 1 o€ Sol. 2.-_.4__
M Sign mislekas in corvalalion/ragresaion. il & 3 10,6603 (0. 710 x : ) 181
2 » 2, cok0a¥ @) B e
Repeciog P by probtans = 1- 0899701007 = 0.4003 = (A}
| i i e + 1 - 03824 = 06179 = (B) | P = 06826 = (B)
— - -
X Mot rending the question enrafully,
- i Q5. Fer a populatien with p = 100, o= 20, @6 If corrslation cosfficiant p = -6, Q7. In tonof ¥ oon X, b= 2 and
i sampls miza n o= 25 Find War(X) s 1) Sefent | o datarmanation., b X =3 ¥=7. Frd a
(A) 46  (B) 20 (C) 400 (D) 25 A) 0.36 (B)-06 (C) 06 (D) -0.36
. o o 2 ] (a) 1 B8} 2 (C) 3 (D) 4
- a? 20* 2 2 z
Sk Var(X) = “— = Z- =16 = (A) | Sek R" = p? « (-06)" » 036 « (&) Saraa'¥ SRR T SEE A & 18
L . ) o — = |
Q8. If X ~ B(20, 0.5}, find PIX ta awan). Q10. Tf X ~ N(100, 400) find value of k such —
STANDARD NORMAL TABLE (#(z))
(A} o.5000 (B 0.5421 et e 2 | o000 | o0t | o002 0.03 0.04
(¢) 0.4579 (D) 1.0000 (8) 120 (8) 130 (C) 140 (D) 150 (B | GRG0 | OS00 | OSPew | BeaE. | B9
0.5 I 06915 0.6950 0.6985 0.7019 0.7054
= = : i e i EWL. - - -
Sl Fee 0, PG S o ROG W odd) = 05 (k- 100 10 | 08413 0.8438 0.8461 0.8885 0.8508
(1) = 05413 RS RS SR €T QO 0 G ) Wil M ! Lo S = |
- (A) 20 15 | 09332 | 09245 0.9357 0.9370 0.9382
20 | ogr72 0.9778 0.8783 0.9788 0.9793
: el 2 e T
25 | 08938 | 0.9940 0.9942 0.9945 0.9947
3.0 0.9987 [ 0.9987 | 0.9987 0.9988 0.9968
—_ A 4
FINAL RAPID REVISION CHECKLIST o
| ‘Well prepared today,
¥ Know all Distribution formalas. | ' Use kables smarctly. ¥ Seclue previcus GATE popars v Stay calm & confident. Confident tomorro
¥ Mamarize kay properties. v Cheeh urits & assumphisns ¥ Tima management s kay, o S - TR T - E A e LT | =
! Tnppu* forever!
v Proctice standardization . Aureied sillyy emistokes.
Ziy =
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